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PEEFACE 



TO THE SECOND PART. 



A S the subject-matter of the Second Part, consisting 
largely of Spherical Q-eometry, differs widely 
from that of the first, it seems necessary to state the con- 
siderations which induced us to introduce it into a work 
on Spherical Trigonometry. 

In the first place. Spherical Geometry is very closely 
allied to Spherical Trigonometry, and in some places the 
two subjects so overlap that separation becomes impossible. 
Again, the former subject can only be approached through 
the latter, and it therefore forms a fitting sequel to a work 
on that subject; unless, indeed, it might rank of such 
importance as to demand separate treatment, and a 
separate volume for itself. Owing to the comparative 
neglect into which it has fallen, this latter appears to us 
to be out of the question at present; and hoping to rescue 
it, to some extent, we have taken such notice of it as 
appears in the later chapters of the present treatise. We 
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have been further urged to this by the absence, as far as 
we are aware, of any book entering into the subject, or 
even broaching upon it, except the late Professor Mul- 
cahy's elegant treatise on Modem Geometry, where some 
of the more elementary principles are introduced. To 
this work we wish to acknowledge our obligations in so 
far as that from it we drew some of our first ideas on the 
subject. 

For the sake of compression we have confined ourselves 
to giving in the text only such theorems as we con- 
sidered of fundamental importance, and we have placed 
as examples many elegant and important propositions, 
analogues of well-known results in Plane Geometry. In 
most cases the proofs will be found identical with the 
recognised methods used to prove the corresponding 
theorems in plam; but in many instances the proofs, as 
weU aB the results, are original, yet we trust we have in 
no case introduced originality, except with the object of 
gaining simplicity. The results are in some places so 
closely allied to those of Plane Q-eometry, that their 
further development has been left to the student. This 
is notably so in the case of Anhaxmonic Section aad 
Spherical Involution. 

Dismissing the subject of Spherical Geometry, the other 
chapters of this part (which belong to Spherical Trigono- 
metry) have been written with the same aim as those of 
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Part I., viz., that each should be as complete as possible 
in itself. To this end we have introduced into Chap. VI., 
which treats of the circles related to a triangle, a section 
on the angular distances of the pole of the Circumcircle 
from the poles of the In- and Ex-circles, and also a sec- 
tion embracing the general properties of Dr. Hart's 
Circle. These sections, however, and such other material 
throughout the work as appeared too difficult for the 
beginner, have been placed in small type, and may be 
judiciously omitted on first reading. 

In Chap. YII., which treats of Areas, an attempt has 
been made to reduce to general headings what has gene- 
rally appeared in a straggling shape. Some novelty has 
also been introduced into it, e, g, a geometrical representa- 
tion of the Spherical Excess, and a section on Maximum 
Areas, as well as an introductoiry section. Chapter VIII. 
is devoted entirely to the properties of the Chordal Tri- 
angle, and the most meagre perusal will render it obvious 
why it does not appear earlier in the work. Chapters IX. 
and X. are the result of an attempt to reduce to general 
headings some propositions apparently of an outlying and 
miscellaneous character. They have been considerably 
developed, and the principles in them are so important as 
not only to justify their insertion, but also to amply repay 
any time or trouble spent upon them. 

The principles of Spherical and Stereographic Projeo- 



viii Preface, 

tion are of such importance, that we have deemed it advis- 
able to devote an entire chapter to their development 
and illustration, and when the student has made himself 
familiar with them, he will find himself possessed of 
methods of great power and discovery. With respect to 
the Stereographic Projection, we are largely indebted to 
"Des Methodes en Gfeom^trie," par Paul Serret. 

Another method (analytical) of attacking and investi- 
gating the properties of Spherical Figures we have used 
considerably, and we had hoped to introduce a short 
notice of it into this part, but want of space has com- 
pelled us to omit it, at least for the present. 

In conclusion, we desire to thank Mr. C. E. M*Vicker 
for several useful suggestions, and for the interest hte 
exhibited in the proofs of the later chapters. We re- 
gret, however, that we have not been able to obtain some 
other valuable assistance from our mathematical frieiids. 

WM. J. MCCLELLAND. 
THOMAS PRESTON. 

Trinity College, Dublin, 
Atigmty 1886. 
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CHAPTEE VI. 

ON THE CIRCLES RELATED TO A TRIANGLE. 

Section I. 

The Ih' Circles and Ex- Circles. 

77. Four small circles can be described each touching 
the sides of a given triangle. The existence of these 
circles has been referred to in Art. 18, and the demon- 
strations there were seen to be precisely the same as for 
the corresponding circles in piano. When the points of 
contact with the sides lie between the vertices, the circle 
is termed the Inscribed^ or In-circle ; and its pole is the 
intersection of the internal bisectors of the angles of the 
given triangle. When the points of contact are in triads 
on one side, and on the other two produced (fig. 31), the 
circles are said to be escribed to the triangle ; and the 
poles of the escribed, or Ex-circles^ are at the intersections 
of the bisectors of the external angles. It is therefore 
manifest that the three ex-circles of any triangle are the 
in-circles of its colunar, or associated triangles. 
_ The angular radii of the in-circle and ex-circles are 
usually denoted by the letters r, ri, r2, rj, or, r, r«, rj, r^. 

In fig. 31 the six bisectors of the angles of the triangle 
ABC pass in triads through the four points 0, Oi, Oa, 0% ; 
these points being respectively the poles of the in-circle 
and ex-circles. 

PART II. B 
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Moreover, Oi is the pole of the circle escribed to the 
side a, and also the pole of the in-circle of the oolimar 
triangle on the same side ; and a similar remark applies 
to the points O3 and Oa. 



o.- 




Fig. 31. 

Examples. 

1. The tangents from A, B^ Cto the in-circle are » — «, « - ^, t-c. 

2. From A to the ex-circles, *, « — c, « - i, &c. 

3. To the four circles from any vertex, a, « — a, s^h^ i- e» 

4. The point is the orthocentre* of the triangle OiO^Oz' 



* Hence, generally, the perpendiculars of a spherical triangle meet in a 
point (cf. Arts. 21 and 54). 






Examples. 3 

5. Tlie common tangents (direct) to the ez-circles, taken in pairs, are 
ft + tf, tf + fl, a + ft. 

6. The transverse common tangents to the ez-circles are equal to the 
sides of the given triangle. 

7. The direct common tangents to the in-circle and each of the ex-circles 
are, respectively, a, by e; the transverse common tangents are i(b — e); 
i{c-a);i{a^b). 

8. Prove the following : — 

cos«-i-cos(«— a)+cos(« — ft) + cos(« — 0)=a4cos ^a cos^ft coa^e, 

9. cos(« — ft)+cos (»—<?)- cos(«-a) — cos« = 4cos Ja sin Jft sin^<;. 

10. sin(«— a) + sin(« — ft) + sin(#--^) -sin«s4sin ^asin^ft sin^c. 

11. sin < + sin (« — ft) + sin («—<;) -sin(« — a) =4sin j^a cos ^ ft cosj^i;. 

12. sin(»— ft)sin(«— c) + 8in(»— c)sin(*— a) + sin(a— a) sin(»-ft) 

+ sin « sin (« - a) + sin « sin (« - ft) 4- sin a sin (« — e) 

= sin ft sin 6 + sin c sin a + sin sin ft. 

[In Exs. 12 and 13 resolve each term on the left-hand side into a differ- 
ence of two cosines ; therefore, &c.] 

13. sin (*— ft) sin (« — c) + sin (» — c) sin (»— fl) — sin (« — a) sin (« — ft) 

+ sin » sin (« — «) + sin 8 sin (« — ft) — sin s sin (s — e) 

= sin ft sin <;+ sin sin a — sin sin ft. 

14. sin* » + sin' (» — a) +sin*(»— ft) + sin* (»-<?) = 2(1 -cos a cos ft cos<j). 

[For 2 sin' « = 1 - cos 2«, &c.] 

16. sin* » + sin' (» - a) -sin*(#-ft)-sin*(«-c) = 2cosa sinft sine. 

(Cf. Ex. 9.) 

15a. cos* 9 + cos* (»-«) + cos* (« - ft) + cos* («--<?) = 2 (1 + cos a cos ft cos <?). 
cos* 8 + cos* (»-«) — cos* (» — ft) — cos* (« — c) =» — 2 cos a sin ft sin c. 

^^ ^^ ^rv cosri cosrj cosrs 

16. cos OOi : cos 00a ' cos OO3 = 



cos (» —a) ' cos (« - ft) * cos («—<?)' 

[For cos OOi = cos OC cos OiO = cos r cos ri cos (s - ft) cos (» - e), &c.] 

17. The sides of the triangle OiOjOs bisect externally the vertical angles 
of the oolunars of ABC. 

B 2 
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18. tan Oi Oz tanOiB^ tan OiA tan OOi ^ tan Oi O3 tan Oi C. 

(Cf . p. 144, Ex. 3.) 
, _ cos Oi cos Oi cos 0$ 

sin^^ sin^^ sin^C/ 
[From tlie triangle^COi, co8 0i + Bm^^sin}(7t=:co8}£co8^C7cofla,&c.] 

78. The In-eirde. — To find the angular raditia of the 
in-ctrcle of a triangle. 

"By the preceding Article, and p. 33 (4), if Z denote the 
point of contact with the side c (fig. 31), we have 

tan r = tan i A sin AZ = tan ^ A sin [a- a) 

« tan i jB sin (« - J) = tan i sin (« - e), (1) 

(Art. 44 (4).) 

Again, tan ^ A sin (« - a) is readily transformed into a 
symmetric fimction of the sides by substituting the value 
of tan^A given in Art. 33 (7). 

w 
Hence tan r = -; — . (2) 

sin« ^ ^ 

Similarly, by substituting the value of sin (« - a), given 
in Art. 33, Ex. 5, we have 

sin iB eini C . 

tan r = , . sin a. (3) 

cos ^-4 ^ ' 

Hence, by Art. 36 (12), 

*^^ ^ " 2cosi-4cosi£cosi(7* ^^^ 

an equation which is equivalent to the following : — 

cot r = ^ [cos 8 + cos (/8- ^) + cos (S- -B) + cos {8 - C)]. 

(6) 

(Art. 77, Ex. 8.) 
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79. The Ex-elrcles. — To find the angular radii of the 
eX'Circles of a triangle. 

Since the oirole escribed to the side a is the in-cirole of 
the colunar triangle, the parts of which are «, tt - J, tt - c, 
A, TT-B^ n- Of the problem becomes identical with that 
of Art. 78 ; and the value of ra is got by substituting for 
b, Cy By (7, their supplements in the five equations given in 
that Article. 

We thus arrive at the following results : — 

tan ra = tan J ^ sin « (1) 

n 



sin (« - a) 



(2) 



COS i 5 COS i (7 . ,„. 

T-A smfl (3) 

cost -4 

N 



, -: (4) 

2 cosi -4 sin i £ sin i C 

cot ra =p^ [- cos 8 - cos [8~A)-\- cos (S- J5) + cos [8- C)]. 

(5) 

(See Art. 77, Ex. 9.) 

The student may also verify these equations by methods 
similar to those employed in Art. 78 for the in-circle. 

80. The colunar triangles on the sides b and c have 
each two parts, b and J?, c and C, equal to parts of the 
primitive, while their remaining parts are the supple- 
ments in the former case of a, c, Ay (7, and in the latter, 
of ay by Ay B. 

The values of the radii n and r* are therefore found in 
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the way shown for ra; or they may be obtained from the 
values of ra by appropriate interchanges of letters. 

Thus 



and 



tan ri = -; — ;; rr, &C., 

sm (« - by 

tan re = -: — 7 :, &o. 

sm(«-Cj 



Examples. 

1. Prove the following : — 

cotri : ootra : cot rs : cot r = sin (<~ a) : sin(« - 6) : sin (f-^) : sin*. 

2. tanr tanri tanr2 tanrs = »'. 
cot r tan n tanra tan rs = sin' 9, 
tanr cot n tan rj tanrs = sin* (« — a). 
tanr tann cot r2 tanrs = sin* {s — b). 
tan r tan ri tan rz cot rs = sin* (s — c). 

3. cot r sin « s= cot } ^ cot } ^ cot ^ C, 

^NanS 

4. tanri + tan ra + tanrs — tan r = — 



sin ^ sin ^ sin (7* 



4iV 
[For :S (tann) - tan r = -: — r—. — ^ . ^ , multiplied by 
"■ sin^8inJ?smC7 

(siniuicos^^cos}C7+ . . + . . . -sin^^ sinJJ? sinJC)]. 

2cosyS^ ^siniaeinib tonic 

6. cotri + cotrj + cotra — cotr = ;;=— = ' = =-• 

N n 

(Cf . Art. 77, Ex. 10.) 

^ , , sin a sini sine 
6. tanri : tanrj : tanrs = ; ■-. : z = : =— w 

l+COS-4 1+COS^ 1+ 008(7 

. tanri + tan ra + tanrs -tanr 2i\r2tanfl^' 

7. 



cot ri + cot ra + cot rs - cot r sin ^ sin J? sin (7 

= i (1 + cosa + cosi + cos«). 

[By Exs. 4 and 6. See also the value of tan 1$ on combining the results 
in p, 67, Ex. 4, and p. 74, Ex. 28.] 



T%e Circumcircles, 

8. What are the coiresponding theorems in piano of £z8. i and 6 P 

Ant. n + rt + ra — r = 4i?. 



9. 



10. 













ri r2 rs 


1 _ 


0. 


cot« 


ri + cot'rj 


+ cot*r» 


+ cot'r 


_2{1 


— cos a cos b cos e) 




1 


1 
1 


1 
sin^ra 


I 
sin^rs 


2cos0 sin^sin^ 






mVf 


1 • A 

Bin^ri 




«» 





(Cf. Art. 77, Exs. 14 and 16.) 
11. cot r2 cot ri + cot ra cot ri ± cot ri cot ra + cot r (cot n + cot fa ± cot rj) 

sin 6 sin « + sin e sin a ± sin a sin b 



»2 



(Art. 77, Exs. 12 and 13.) 



12. tanra tanrs + tan ra tann ± tanri tan fa + tan r (tan n + tan ra ± tan rt) 

e= sin^ sin0 + sin<;8ina± sinasind. 

[Since tan ri tan ra = sin « sin (« — e), and tan r tan ri = sin (« - ^) sin (« - e), 
therefore, &c.] 



Section II. 
The Circumcircles, 



81. Tbe Clrcmnclrcle. — The small oirole passing 
through the vertices of a spherical triangle is called the 
circumscribing or circumcircle of the triangle. It is like- 
wise the circumcircle of the given chordal triangle, and its 
pole is the intersection with the sphere of the line joining 
the centres of the sphere and circle. 

By reasoning analogous to Euo. IV. v., the pole of 
the circumcircle may be obtained by bisecting the sides 
at right angles by arcs of great circles. These arcs concur 
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at a point S (fig. 32), the pole of the circuincirole of the 
triangle ABC [Art. 19 (10)], and AH ^BH^CH^ B, 
the angular radius of the circle. 




Fig. 32. 



82. If a point be equidistant from three given great 
circles, it is obviously equidistant from the poles of those 
circles ; and if r denote the common angular distance in 
either case, 90 - r is the common angular distance in the 
other. 

In the former case the point may be regarded as one of 
the four poles of the in-circles of the triangle and its three 
colunars formed by the great circles; in the latter it is 
one of the poles of the four circumcircles to the polar tri- 
angle and its three colunars. Hence — 

1°. The pole of the in-circle of any triangle is the pole of 
the circumcircle to the polar triangle. 
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2°. I%e radius of the in^drck of a triangle is the com' 
pkment of the radius of the drcumdrcle to the polar tri- 
angle. 

And, more generally — 

The radii of the in-cirole and three ex-circles of a 
triangle are the complements of the circumradii of the 
polar and its associated triangles. 

Hence it follows, that if the radius of the in-cirde be 
given in terms of certain known parts (e.g. a, 6, c) of a 
triangle, the radius of the circumcircle of the polar tri- 
angle (and therefore of any triangle) is also given as a 
function of the corresponding parts (e.g. A, B, 0) of that 
triangle. 

Thus the equation of Art. 78 (2), 

^ • tan r = —, — , 

sms 

transforms directly into 
cot J2 = — 



w-A + ir-B + v-' 
Bin 



-0 



2 

for the polar triangle. Hence we have generally for any 

triangle 

cos S 

tan iC = zr=r-, 

iV 

Similarly, the remaining values for tan r given in 
Art. 78 may be transformed into analogous results, 
which hold generally for the radius of the circumcircle 
of any triangle. 

Also, from the values given in Art. 79 for the angular 
radii of the ex-circles may be deduced corresponding 
values for the circumradii of the associated triangles. 
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• 

On aooount of their great importance, and the frequent 
use made afterwards of the different forms of the value of 
tan i2, they are made the subject of discussion in the next 

Article. 

. . > .... 
Examples on Fig. 32. 

1. Prove that the angles BCS, CAH, and ABH^ are respectiyely equal 
to 8- Ay S-£, asidS-C, 

2. Haying given of a triangle the base e and 8— C, find the locus of the 

vertex. " . 

[The pole of thd circumcircle is fixed ; therefore, &c.] 

Analogue -in >7l^o' is, *' given the base and vertical angle," &c. 

3. Having given* one side and the sum of the angles ; find the locus of 
the vertex of the oolunar triangle on the given side. 

[Let 28* denote the sum of the angles of the colunar triangle ; then, since 
8 + 8' = 'ir-\' Cf the problem reduces to that of Ex. 2]. 

4. The point (fig. 10) is the pole of the circumcircle of the colunar 
triangle on the base AB. 

5. The triangle formed by joining the middle points of the sides is sup- 
plemental to the one whose Vertices are the poles of the circumcircles of the 
associated triangles. 

6. If 8, 8ii 82f 83 denote the sums of the angles of a triangle and its 
three colunars ; prove that 

8+ 8i + 82-\'89 = Zir. 

7. The circumcircles of the colunar triangles intersect the circumcircle 
of the primitive at angles supplemental to those of the given triangle. 

8. Prove that if JJi, H2, Hz denote the poles of the circumcircles of the 
colunar triangles, 

tan MMi sin J a = -r 



sin (iS'-^) sin («-(?)' 

with similar expressions for tan SS'2 and tan JSlHs. 
[For if X be the middle point of the side a, 

tan EX = tan {8 - ^) sin } a, and tan SiX s - tan iS sin J a. 
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■rr . ^^ . 1 tan (iS- -4) -tan 5 

Hence tan JBTHi = sin 4 a ; r-— — i — ^ot — tt; — ^ « »c., 

^ l + 8m2Jatan-Stan(5'-^) ' 

by Art. 36]. 

9. tan HHi : tan HE2 : t&nESi 

= cos J a sin (S-A) : cos ^ d sin {8- B) : cos } sin (S- C). 

10. The angles subtended at H by the sides of the triangle ffiJfiHs wd 
the supplements of the angles of the chordal triangle. 

[For the angles BSC, CHA, AEB are double the angles of tiiA chordal 
triangle. See Chap. Tin.]. 

83. To find the angular radim of the circumdrcle of a 
triangle. 

From fig. 32, 

Hence 

, P tan ^ a _ tan.^i tan^<; .^. 

" 008 (iS-^) " cos{8-B) ' 00s {8 'Oy ^ ^ 

(Cf. p. 76, Ex. 36.) 

Again, 

tan^a 

COS {S - A) 

may be transformed into a symmetric function of the 
angles, by substituting for tan ^ a its value given in 
Art. 36 (11) ; therefore 

taniJ = -^. (2) 

(Cf. Art. 82.) 

Now, 

COS (S - -4) , 1 

^ rr^-^ = - cot t 6 cot J C. 

coso 

(Art. 36^ Ex. 6.) 
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Hence, by substituting in (1) this value of oos {8 - -4), 
we get 

tan iJ = - ^^^i^^^i^^^i^ fQ\ 

oos 8 

(Cf. p. 76, Ex. 36,) 

Also (by p. 75, Ex. 31), 

oos (S- A) = ^ Y — . 1 , . , ; 

' 2 008 i a sin i 6 sin i c 

therefore, from (1), 

n 
or, by Art. 77, Ex. 10, 

tan It - ^ [sin («-a) + sin («- J) + sin(«-c)-sin«]. (5) 

84. Clrcninclrcle of Colanar Triangles. — To 

find the angular radii of the circumcirclea of the three colunar 
triangles. 

Let Hiy Riy Rz be the angular radii of the Gircumoircles 
of the colunar triangles on the sides a, 6, c, respectively ; 
then, since Ri is the circumradius of a triangle of parts 
a, IT -by IT- c\ Ay IT - jB, ir- Cy we have, from Art. 83, 

^ tan I a ,,. 

tanB,= £2il«pi). (2) 

taniZ = *»^ i <» °ot i 6 oot j c ,g> 

cos (S - ^) 

n 
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tan Rx =^ [sins -sin {s-a) + 8in («-fi) + sin («-<?)]. (5) 

(See Art. 77, Ex. 11.) 

Also, 



and 



_ tan i b cos IS-^B) ^ 

tan i?3 = ^ = ^-Tj= = &o., 

coso iv 

_ tan he 00& (8 - C) ^ 
tan fia = FT = 5^7 ^ = «c. 



Examples. 

1. Prove the following : — 

tan J?i : tani^s : tan S^ s= cos (iS - -4) : cob (/8f - B) : cob {S - C). 

2. cot B cot J?i cot Ri cot J?8 = i^. 
tan H cot ^1 cot Bi cot i^s = cos^ S. 

cot J? tan J?i cot £% cot i?8 = cos* (S — -4), 

&c., &c. 

3. (a) tan J?i + tan J?2 = cot r + cot rj. 

(iS) tan i2i + tan 2^3 + tan J^s - tan i? = 2 cot r. 

4. tan 22 + cot r = tan i2i + cot n =* &c. 

= J (cot r + cot Ti + cot ra + cot rs). 

5. (g) tan'.gttan'.g. + ta»'J?, + tan'Jg,= 2(l + ooe^co8l?co,C) 

iv -* 

/^v « » • • 2 (1 — cos a COS A cose?) 

(fi) cot* r + cot* n + cot^ ra + cot* ra = -^ ; -, 

ft* 

(Art. 77, Ex. 16«.) 

, . tan*i? + tan*J?i + tan*JR2 + tan*i28 , z*-^ o« -c »,x 

(y) — rj 75 o Ts — =* !• (Art. 36, Ex. 7.) 

^" cot^ r + cot* ri + cot* ra + cot* rs ^ * ' 

A /x^ «T. X oT> ^ *T» . ••!> 2 COS ^ sin -B sin C 

6. (a) tan*22 + tan*J?i-tan*-2a-tan«i?8« — . 

/«N .o ^o .• xf> 2co8flsinisinc 
(i8) cot* r + cot* ri - cot* ra - cot* rz = . 



w 



tan*J? + tan3i?i-tan*J22-tan*J?8 cos^ 



cot* r + cot* n — cot* ra — cot* ra cos a * 

(Vide Art. 77, Ex. 15 a, and Art. 36, Ex. 2.) 
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7. ^^^^ = taii*fttan}#. (Cf. Art. 36, Ex. 6.) 

8. In an Unilateral triangle, tan i2 = 2 tan r. 

9/ Construct an'equilaferal triangle in a given small circle. 
[By Art. 83 (1), cot ^ ^ &= Vs cos J2 ; therefore, &c. Or thus :— 

V3^ 
inn 4 a = sin J2 sin 60^ = •— ^ sin £A 

10. Construct an equilateral triangle about a given small circle. 
[From Ex. 9, or otherwise, we have at once 

tan ^ a = Vs sin r, &c.] 



Section III. 

Angular distances of the pole of the circumcircle from the 
poles of the in-circle and ex-circles of a triangle. 

86. Lemma. — It will be necessary, before proceeding to the discussion of 
the problems in this section, to prove two propositions which we shall 
hav^ occasion to make use of hereafter. 

(1). (cotr + tan2e)2 = — (8ina + 8ini+sinc)»-l. 

(2). (cotri-tanJZ)«=7-r (8inJ + sine- sin «)«-!. 

To prove (1) :— By Art. 78 (2), and Art. 83 (4), 

cot r + tan JJ = ^"^i(<'+^ + ^) + 2sin^ gsinj^sin^g 

n 

sin }a sin Jd sin }{; + sin }a cos }^ cos} <;+ . .. + .*. 

n 

sin } g COB } (3 — g) + cos } g sin } (^ + c) 

n 
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Hence, on squaring and multiplying numerator and denominator of the 
right-hand side of the equation by 4, we get 

(cotr + tanJ?)« = 



(l-co8a)(H-co8>-g) + 28ina(gin& + Bing)-t-(l + cosa)(l-cofl^ + g) 



which on reduction becomes, by the aid of Art. 30, 

(cot r + tan J2)' + 1 = —J (sina + sin 3 + sin c)' ; 

sin a sin ^ 
or, since = ~~2F~> ('^' ^^» ^' ^'J 

(cot r + tan i2)» + 1 = —^ {em A + sin J? + sin (7)*. 

To prove (2) :— By Art. 79 (2) and Art 83 (4), 

T» sinJ(*+<?-a)-2Binia sinjisin J<J 

cot n - tan 22 = — =^ • 2 M 2_ 

n 

s etc., etc., as in (1). 

Similarly, (cot n - tan S)* s= —- (sin «+ sin a - sin ft)' - 1, 

4»' 

and (cot rj- tan J?)' = — (sina + sin ft — sine)' - 1. 



Exercise. 
Prove the relation — 



v/l + (cotn-tani2)» + v/l + (cotr2-tani2)« + v/l + (cotrs-taniZ)^ 



s= v/l + (cotr+tan J2)». 

86. Expression for the angular distance between the poles 
of the circumcircle and in-circle in terms of the radii of 
the circles. 

Let S and be the poles (fig. 33) of the circumcircle and in-circles of 
the triangle ABC\ OZ and SZ' secondaries to the side AB. 
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Now w4/= « - fl and AZ' = J c ; therefore ZZ^ = \(a- b). Let 8 de- 
note the angular distance HO ; then (p. 103, Ex. 14), 



Also, 



cos 8 = sin-ffZ' sin 0Z+ cos MZ' cos OZcos J (« - ^)- 



cos^ 



OZ^r; cobB:Z'== — --, and sin ^^ = 8ini?8in(/S- (7). 

cos V c 




Fig. 33. 
Theiefore, by substitution, 

cos 8 ~ sin iZ sin r sin (iS^ - C7) + cos 22 cos r ^^^ t (<* ~ o) . 

cos Jc * 
or, by Delambre's Analogies, p. 98 (3), 

cos « = sin -R sin r sin (5 - C ) + cos J? cos r ^^ii^-^^} 

cos J 



J? sin r f - PQ9 ^ ^^ (^ - ^) . 2 cos^^ cos^ ^ sin ^(^ + B) ) 

[Art. 83 (2) and Art. 78 (4).] 

( sin ^4- sin ^ + sin (7 \ 
2N )' 



■tcos 

which reduces to 

cos < s cos i2 sin r 
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Hence, by Art. 85 (1), 

cos* $ =3 cos' E sin' r { (cot r + tan H)^ + 1 } 
= cos* S avD? r + cos* (i2 - r).* 

87. Eicpreamns for the angular distances between the poles 
of the circum^ and excircles in terms of the radii of the 
circles. 

Let Oz be the pole of the excircle to the side e (fig. 33), and let HOz = 8s. 
The secondaries, SZ' and OzZ", will meet at P the pole of AB ; and since 
AZ" = 8-b, ZZ' = i (a - i) ; then, in the triangle P^Os, 

cos Ss ■= cos (90 + rz) sin KZ^ + sin (90 + ra) cos KZ cos J (a - i) ; 
or, by substitutions similar to those made in the preceding Article, 

cos J (« — *) 



cos Js = — sin rz sin -B sin (iS^ - C) + cos rz cos U 



cos \ c 



(cosiS'sin {S -C) 2sin J^sinJB8inJ(^+^) 



! 



= COS R sin rz\ -r^ + 

{ N N 

Therefore, by reduction, we get 

cosjKsinrs ,....» . «v 

or, by Art. 85 (2), 

cos* Ss = cos* R sin* rz { (cot rz — tan J2)* + 1 } 

= cos* R sin* rz + cos* (i? + ra). 

Similarly, cos* 82 = cos* R sin* r2 + cos* (R + r2), 

and cos* 5i = cos* J? sin* n + cos* (5 + r\). 

* This relation (since it is independent of the parts of the triangle) affirms 
that when two circles are so related that a triangle can be inscribed in one 
and circumscribed to the other, an infinite number of such triangles can 
be constructed. It may therefore be easily deduced from the particular case 
in which one side of the triangle passes through the pole of the circum- 
circle. 
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Examples. 

1. Prove that 

(1) Bin* J = sin* (JJ~r) - oob^ jB sinV. 

(2) sin* Ji = sin* (5 + n) - oo8« J2 sin* n. 

(3) Bin* 82 = sin* (5 + r2) - cos* R sin* r2, 

(4) sin^ 93 = sin* \r + ri) - cos* -8 sin*r3. 

2. Wliat theoremB tfi piano are analogous to those of Arts. 86 and 87 P 

Ana. 2)* =J2*- 2 iZr. 

2)i* = ^ + 2 22ri, etc., etc. 
cos S sin a + sin & + sin ^ 



3. Froye the formula 



fiinrsinJ^ 4sin^asin^d8in^c' 



Section IV. 
Dr. Hart's* Circk. 

88. On the sphere, as on a plane surface, a circle may be described touch- 




Fig. 34. 



* Now Sir A. S. Hart, Vice-Provost, Trinity College, Dublin. 
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ing the inscribed and three escribed circles of a triangle. The spherical 
properties of this circle have been described by Dr. Hart and Dr. Salmon in 
the Quarterly Journal of Mathematics, yol. yi., p. 67 : an independent proof 
of its existence and a few of its properties are here given. 
Let If (fig. 34) be the pole of the supposed circle of radius p ; then the arc 

NO^p-Ty NOi = /» + ri, JVOa « p + rs, N(h = /» + fj. 

Now since in the triangle NOiOz a point A is taken in the base, 

cos (p + ra) sin ^(73 + cos {p + rs) sin AO2 = cos AN sin (hOz 

(by Art. 40.) 
Similarly for the triangle ANO\, and the point in the base, 

COB .^JTsin 00\ + cos {p + n) sin^O = cos (p - r) sin AOi. 

Hence, by eliminating cos ANftom these equations, 

cos (p + n) ^AO sin (hO^ + cos (p + r%) sin A(h sin OOi 

+ cos (p + rs) sin^Oa sin 00\ = cos (p - r) sin AOi sin 0%0z* 

This equation transforms directly into 

, ^ sin AO sin 0%(h , . sin BO sin 0^0\ 

cos (p + n) „■ j^ ,n n + cos (p + ra) . p.^ .n ., 

. . sin CO sin OiO-z 
+ cos (p + rs) . ^^ . ^ .. = cos (p - r), 
^ ' sm CO3 sin Old 

by dividing it by 2n of the triangle Oi 0% Oa, and remembering that 

sin AO2 : sin Oi O2 i : sin CO : sin OOi, etc., etc. 
Hence 

cos (p + ri) sin r cos (p + ra) sin r 00s (p + rs) sin r 

: + : + : = COS (p - r), 

sinri sinra sinra '^ '' 

or 

cos p (cot r\ + cot r% + cot rs — cot r) = 4 sin p ; 

but 

cot n + cot r2 + cot rs - cot r = 2 tan JJ ; (Art. 79, Ex. 6.) 

therefore 

2 tan i2 = 4 tan p ; 

or 

tan p = i tan R. 

This shows the existence of a circle touching the in- and three excircles of 
a triangle, since we get a real value for the radius p.* 



* The above method of showing the existence of a circle touching the 
in- and excircles of a spherical triangle suggests an analogous deduction of 
the corresponding theorem in piano, 

C 2 
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89. AnalogfouB Theorem In Piano. — The formula tan p =3 } tan K 

becomes on a plane p = } i2, or the radius of the ^^nine-points^* circle of a 
triangle is one-half the raditta of the circumcirele, 

90. To find the angular distances of the pole ofDr, Harfa 
Circle from the vertices of the given triangle. 

From the triangle NO2 O3 (fig. 34), by aid of Art. 40, we have 

cos (p + rz) sin AO3 + cos (p + rz) sin -403 = cos AN sin O2 Oz. (1) 

Also by Art. 66 (I), it follows that 

2n 

sin rs sin -4 O3 + sin rz sin -4 O2 = -; — sin O2 Ozy (2) 

sina 

[See Art. 36, Ex. 2 (o).] 
and sin-^Og : 8in.4(?3 = 8inr2 : sinrs. (3) 

Dividing (1) by (2), and substituting the ratios given in (3) ; therefore 

cos (p + r2) sin rz -i- cos {p + rs) sin rz sin a cos AK 
2 sin rz sin rs ~ 2« * 

Performing the division on the left-hand side of this equation, we have 

. __ n cos p r A A « X -I 

COB AN = — : — - [cot ra + cot rs - 2 tan p] 
Bin a 

= —. — - [sin (« - ^) + sin (« - (;) — 2 sin 1^ sin } i sin } <;.] 

[Arts. 79 and 83 (4).] 
Hence 

. „ cos i h cos i c 
cos AN = — = — -. — =— cos p, 
cos^a 

with similar values for cos £N and cos CN 

Example, 
cos AN : COS BN : coa CN= sec' J a : sec' J b : sec' J c. 
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91. The tangents ^i, ^2, ^3, from the vertices of a triangle 
to Dr. Harfs Circle are given by the equations 

a be 

cos h cos - = cos - cos - ; 

b e a 

cos h cos ^ = cos - cos - ; 
2 2 2' 

c a b 

cos tz cos - = cos - cos - ; 
2 2 2 

where a, b, e are the sides of the triangle. 

For cos AN = cos p cos ^1. 

Hence cos h = — = — - — ^. (Art. 90.) 

cos p cos f a 

92. To find the angular distances of the points of inter- 
section of the circle with the sides from the vertices of the 
triangle. 

Let \ and fi be the distances on the side e from the vertex A ; then the 
equation 

cos Ay sin (<j - x) + cos BN sin A. = cos /> sin e, (1) 

expanded as a quadratic for tan ^ \, -will have for its roots the values of 
tan ^ \ and tan ^ /4. (Of. Art. 43.) 

Suppose t = tan -, the equation (1) readily transforms into 

sin e (cos AN'-\- cos p)t^ + 2 (cos ANcoa c — cos BN) t 

- (cos AN— cos p) sin <; = ; 
the roots of which, on reduction, are 

— cos ^iVcos c + cos BN± (cos ^iV— nos^JV) 



t = 



sin c (cos AN + cos p) 

— cos AN{1 + cos c) + 2 cos BN cos -4iV (1 — cos e) 

sin c (cos AN + cos p) ' sin c (cos AN-\- cos p) ' 
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or by putting in the values of cos AN and cos BN given in Art. 90, 
we have 



cos i - cos ^ & cos ^ 

tan J X = . ^ . , 2_ 

* cos ^ ^ sin J 

cos ^ d sin ^ 

*an J /4 = 1 — f — r^ — =- . 

cos J a + cos J b cos J e 



(2) 



93. To find the intercepts made by Dr. Harfa Circle on 
the sides of the given triangle. 

From Art. 92 (2), we have directly the value of tan } (a - /i) in terms of 
a, by f. 

Otherwise thus : — 




Let ABC be the given triangle (fig. 35), iVthe pole of Dr. Hart's Circle, 
a a perpendicular on AB from N^ NX = NT = p, the angular radius of the 
circle, and XT the intercept made by the oirde on the side e. 

Then, by Art. 90, 



cos 



. __cos ^b coB^e 
cos ^a 



cos p = r^— , 

COS* J a 



where ir= cos J a cos ^ d cos } ^ cos /», with similar values for cos j&i^Tand 
cos CN 

Also, by p. 38, Ex. 3, 

sin'cco8*o = coB*-4J\r+coB'^iV- 2 cos JLY cos ^i^T cos (? ; 
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or, by substituting the yalues of cos AN and oos BN giyen above, 

sin' <J cos^o = JP — — - + — — \- -^ L 

LcoB* J a cos* J cos* J cos* J J J 

which gives, by reduction, 

. . « cos^i a C08*4 i COB* J c cos* p (cos'l^ a - cos** *)' . „ 

sin* <? cos*a= ^ Ti ±\ ^ ^-^ + 8in*<JC0S*p ; 

cos* J a cos* J 6 '^ 

dividing this equation by sin* e cos* p, and transposing the hist term. 



cos 



il? _ 1 - (cos*}a-cos*^3)* ^ 



cos* p 4 cos* J a cos* J 5 sin* J tf ' 

but 

5^ - 1 = sec* JZr- 1 = tan» JXF. 
cos* p * ^ 

Hence 

2 cos ^ a cos § 6 sin ^ 
94. Analoi^ons Theorem in Plano» 

cos h '^ COS <I 



Since tanJZr= 



4 cos } a cos ^ d sin} (T ' 



in a plane triangle the intercepts made by the '^ nine-points " circle on the 
sides fl, d, <; of a triangle are, respectively, 

i2-.ca c2-«a a2_j2 



2tf ' 2* ' 2tf • 

95. To find the angles of intersection of Dr. Harfa Circle 
tdth the sides of the given triangle. 

From fig. 35, the angle of intersection of the circle with the side c is 
obviously the complement of NXT or of NTX. 

Let 9 = NXT\ 

then tan } XY e tan p cos 9. 

Substituting the values of tan } XY (Art. 93) and tan p (Art. 88) in this 
equation, we have 

cos d ^ cos a n 



4GOs}acosid an^e'emiaemjibanie 



= 008 0. 
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_ 2« (cos b ^ cos a) cos h '^ cos a . ^ 

Hence -: — . .,, —. = — . sin C= cos 0, 

sina 8ind(l— cose) 1 — cose 

which reduces easily by the aid of Ex. 33, p. 76, to the form 

cos = sin (-4 - ^) ; 

or — the angle between Dr. Sartre Circle and a side of the triangle is equal to 
the difference of the angles of the triangle adjacent to that side ; and the same 
result is known to hold between the ''nine-points " circle and the sides of a 
plane triangle. 

Example. 

The sines of the angular distances of the pole of Dr. Hart's Circle from 
the sides of the given triangle are proportional to 

cos {B - C)y cos {C - A)y cos {A - B). 

NoTBS. — Expressions have been obtained in Art. 92 for the values of the 
angular distances from the vertices of the given triangle of the points of in- 
tersection of Dr. Hart's Circle with the sides. These formulae may also be 
proved from the equations 

cosia - eosi^ cosAe ,,, 

tan J \ tan J M « f TT— r"' ^ 

cos ia + cos ^ cos ^ c 

c — \^ e — fi cos J J - cos J e'cos J a . 

tan — ' — tan ■ = ■—■ ; — , (2) 

2 2 cos J + cos J c cos J a 



and 



these equations being obtained by the use of Arts. 43 and 91. 

Or thus ; by Art. 93— 

\-tt cos a — cos J ,_. 

tan ^ = ; T^r—- — 7-> \^) 

2 4 cos ^ cos } d sm f e 
and, as before, 

cos \a- cos i b cos i c 

tan J A tan* /A = 1 ^i. f-J 

cos J a + COS J b cos ^ c 



(*) 



and the solutions of either set of simultaneous equations (1) and (2), and 
(3) and (4), for tan J A and tan J ft, are here left as Exercises for the 
Student. 
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Also, by using the theorem of Art. 43, and writing down the values of 
X and ft. already obtained, and the corresponding values of \' and /x' made * 
by the circle on the side h measured from A, we find that 

tan \ \ tan \ e = tan \ \' tan ^ by (5) 

and 

tan \ II tan \e=^ tan ^ fi tan \ h. (6) 

From (6) it follows, as in piano, that " the extremitiei of any aide and a 
pair of corresponding intersections of Dr. Har€s Circle on the other two sides 
are coney die y 

Again, from (6) we have in piano fi : fi = b : c, or "a chord of the 
* nine-points^ circle is parallel to the base^ 

Miscellaneous Examples. 

1. Prove that 

cot r + cot r\ + cot r^ + cot ra = 2 tan J?, 

cot r — cot r\ + cot rz + cot rs = 2 tan fii, 

&c &c 

(Cf. Art. 80, Ex. 6.) 

2. The angular radius of the incircle being 45° ; prove that the triangle 

formed by joining its points of contact with the sides is in all respects, save 

position, the polar triangle. 

[Apply Art. 82, (1) and (2).] 

3. Prove that 

(o) tan R + tan Ri + tan R2 + tan i?3 = 2 cot r 
(iS) tan i2 - tan R\ + tan JB2 + tan i?3 = 2 cot ri, 

&c., &c. 

4. Prove that 

tan ^ ^ sin (« — a) = tan ^ A tan } B tan ^ 67 sin < 

N_ 

2 cos J -4 cos J J? cos J (7* 

{Qmen's Univ. Exam. Papers.) 

5. In any triangle, 

tanr _ cos {S - A) cos {S - B) cos {8 - C) 
tan R 2 cos J -4 cos J B cos J C 

and write down the analogous result in piano. 

f 
Ans. — = 4sinJ-4 8inJ5sinJ(7. 
R 
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*6. Having given the base (e), and the sum of the base angles of a tri- 
angle ; prove that the length of the arc of the great circle perpendicular to 
the base at its middle point, and intercepted by the bisectors of the vertical 
angle, is of constant value. 

[Let the arc meet the internal and external bisectors of the vertical angle 
in M and i^T, and the base in F; then, by Art. 56 (2), we have 

2 cos ^ (0 - d) tan MF= tan rs - tan r, (1) 

and 

2co8 J (a + i) taniVP = tanri + tanr2. (2) 

Hence, since tan Mlf = tan {MP + I9T), by substituting the yalues given 
in (1) and (2), we get, with the aid of Gauss' formulae, 

tan Jry = T-n — :^ — ttt;]- 
sm (^+-8) cos* J (7-^ 

7. Prove the following : — 
cot (« - b) cot («-«) + cot (« — e) cot (» - a) + cot (s - a) cot (« - i) = cosec^ r. 

sin* 8 . sin s 



[For cosec* r = 1 + — r- = 1 + -^ 



«* sin (« — a) sin (a — b) sin (« — e) 



,. Baji8-a + 8- b + 8-e ^ ^ . 

= 1 + -T—. r—r— ; ,. . , r ; etc., etc.] 

sm (» — a) sm (« — d) sm (« — <?) 

8. cot (« - b) cot (« — c) - cot 8 cot (« - J) - cot « cot {«—«) = cosec* n, 
cot (« — tf) cot (« - a) — cot 8 cot (» — c) — cot 8 cot (« — ») = cosec* rg, 

etc., etc. 

[Similar to Ex. 7.] 

cot (« — a) cot (« -' J) cot (« — <?) 2 cot » 
Bm*ri sin*r2 sin'rs sin'r 

= 3 cot (» - a) cot (» — b) cot (« - «). 

n b c , _ 

* Analogous theorem in piano : — -. — -z = -. — = = -r—^ = diameter of the 
° sm^ sin^ smC 

circumcircle. 
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10. cosec* ri + coeec* r2 + cosec* rs - cosec^ r = 

— 2 cot a {cot (« — «) + cot {8 — b) + cot (« - c) } . 

[Apply Exs. 7 and 8.] 
,,11 1 1 -2Stan(»-a) tan(«-J) 



sin^r sin' ri sin'ra sin'rs tan«tan(«— a)tan(«— i)tan(«— c)* 
[From Ex. 7, 
tan(«-a) tan(«-J) tan(«-c) cosec' r = tan (« — a) + tan (« - J) + tan (« — <?) ; 

and by Ex. 8, 

- tan 8 tan (« - b) tan («- «) coeec* ri = tan «•> tan (« - d) - tan (» - c), 

with similar values for cosec' ra and cosec' rs ; therefore, &c.] 

2iVco8» 



12. cot 2J — cot J?i - cot J?2 - cot J?3 = 



n 



[For cotU-cot^i -...-...=» cot5 { 1 - tan JZ (cot JJi + ... + ...)} 
which, by Art. 84, Ex. 7, 

= cot J2 (1 - tan i ft tan J c -... — ...) = — ^ z-z r- = etc., etc.] 

^ * cos fa cos f ft cos }<; "^ 

13. If S be the angular distance between the poles of the incircle and 
circumoircle of a triangle, r and £ their angular radii ; prove that 

sec' JB sec' r sin* 5 = tan' J? - 2 tan5 tan r. 

(London Univ. Exam, Papers,) 

[Apply Art, 87, Ex. (1).] 

14. In a plane triangle, the distances of the centre of the incircle from 
the centres of the excircles are- 



cos \J! cos J 5* cos J C ' 

and the distances of the centres of the excircles from each other are — 

a ft e 

sin J A' sin}^' sin J C ' 

state and prove the analogous results on the sphere. 

(London XTniv* Exam. Fapert.) 
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CHAPTER VII. 

AREAS. 

Section I. 

Area and Volume of a Sphere. 

96. It has been assumed in Art. 8 that the area of 
a sphere of radius r is irrr*. As the areas of spherical 
figures are of prime importance in the practical appli- 
cations of Spherical Trigonometry, we shall devote the 
present Chapter to their determination, and to the develop- 
ment of formulae expressing the areas, or functions of the 
areas, of figures as functions of their parts. The demon- 
strations given are those generally adopted in text-books 
on the subject, but in many cases simple and direct geo- 
metrical deductions are also appended. 

Deflnitions : — (1) A plane cutting a sphere divides 
it into two parts, having circular bases (Art. 9). These 
parts we propose to call circular segments of the sphere; 
and in speaking of the segment which any plane cuts oS 
we shall, unless otherwise stated, refer to the smaller seg- 
ment. The more general term, segment of a sphere^ we 
reserve for a portion of a sphere cut oflE by any surface 
other than a plane. 

(2) The cone joining the centre of a sphere to any 
figure on its surface contains a portion of the sphere which 
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we call a sector. If the figure be a small circle, the cone 
will be a right circular cone, and we term the sector a 
circular sector. 

Beference to Fig. 1 will show how a circular segment 
and a circular sector may be generated. The segment 
cut off by the small circle CC is generated by the revo- 
lution of the segment CAC^ of the great circle CBC 
roimd the axis AD ; and the sector cut out by the cone 
joining to the circle CO' is generated by the revolution 
of the sector OCA of the great circle ACB round the axis 
OA. 

97. Area of a Circular Segment of a Sphere.-;- 

Let PAB be a great circle of radius r passing through P, 
the pole of the segment cut off by the small circle AB. 




Fig. 36. 



Let M and N be two points very near to each other on 
the circle PAB ; MX and NY perpendiculars on OP ; and 
MD a perpendicular on NY. Now, if the arc PB be 
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made to revolve round PO^ it will trace out the surface of 
the segment, and the arc MIf will trace out a circular 
band of it. The width of this band being MNy and its 
length 27r MX {MX = NY approx.), its area is 2^ 
MX . Mlf. But MN being very small, may be re- 
garded as straight ; and from the similar triangles MND 
and MOX we have 

MN:MD=OM:MX; 
therefore 

MN.MX'OM.MD^r.XY. 

Hence the area of the band described by MN is 

2irr.XY; 

and the sum of the areas of all the bands in the surface 
of the segment— that is, the area of the segment— is 

2irr . Pff; 

but PC = r - OC = r (1 - cos a), 

where a is the angle POAy or the spherical radius of the 
segment. 

Therefore the area of the segment is 

27rr» (1 - cos a) = 47rr» Bin"* i a = tt (chord APy*. 

Examples. 

1. The area of a hemisphere is 2irr^, and the area of a sphere is 4irf^. 

2. The area of a segment of spherical radius a is to the area of the 
sphere from which it is cut as versin a is to 2. 

3. The area of a sphere is equal to that of the circumscribing cylinder. 



* Hence the area of the segment is equal to the area of a circle of radius AF. 
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98. Tolnine of a Sphere. — Consider a small cone 
having its vertex at the centre of the sphere, and its base 
a small element of the surface. The volume of this cone 
is found by multiplying the area of its base by one-third 
of its height ; the height being equal to the radius of the 
sphere. Now we may conceive the sphere to be made up 
of an infinite number of such cones, and, by adding them 
together, we find — 

Volume of sphere = ^r (area of sphere) 

Cor. 1. — The volume of a spherical sector 

= -J r (area of sector). 

Cor. 2. — The volume of a circular sector of spherical 

radius a 

= f nr^ (1 - cos a). 

99. ITolame of a Circular Segment of a Sphere.—* 

Join the contour of the base of the segment to the centre 

of the sphere. The joining lines will form a cone, which 

with segment will constitute a circular sector. Hence we 

have — 

Volume of sector = ^Trr* (1 - cos a). 

Volume of cone = -^ (area of base) (height) 

- -J- {irr^ sin^ a) (r cos a) = ^ irr^ sin* a cos a ; 

therefore volume of segment = sector - cone 

« -^ (4sin'^^a-sin*aC0Sa) =-j7rr'sin'*Ja(l-cos'^ia cosa) 
o 

= 4 ""^^ sin* J a (1 + 2 cos* i a). 
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Section II. 

Areas of Triangles. 

100. Problem, — To find the area of a spherical triangle^ 
having given the three angles. 

Let ABC (fig. 37) be a spherical triangle, and let the 
sides BA and CA meet the side BC again in B^ and C\ 




Fig. 37. 

It is evident that the triangle AB!C' is equal in every 
respect to the triangle ABC^ which is the colnnar of 
ABC on the side BC. For AC^tc-AC^ AC\ and 
A^B = TT - AB = AB^y and the angles at A and A^ are 
equal. 

Hence ABC + ABTC = lune ACA'B = 2^r'; (Art. 8.) 
also ABC + AffC = lune ABCB^ = 2 Br"; 

and ABC + ABC = lune CBC'A = 2 Cr". 
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By addition, we get 

2 ABC + area of hemisphere = 2r* (^ + 5 + C), 
or ABC +Trf^ ^r" {A + B-\- C); 

therefore 

Area of ABC = (^ + 5 + O - 7r)r' = JE'r% 

« 

where J? is the spherical excess ; that is, the excess of the 
sum of the angles of ABC over the sum of the angles of 
a plane triangle. {See concluding paragraph of Art. 29). 
Cor. — The areas of the colunar triangles are — 

{ir-\:A-B-C)r', {7r+B-C-A)r\ (7r+ (7-^ -JB) r% 
or {2A-E)r\ {2B--E)r\ {2C-JE)r^. 

Note. — The equiility of the areas of the triangles ABC and A'BC is 
evident, from the consideration that one is diametrically opposite to the 
other ; and hence, to every element of one will correspond an equal element 
of the other. Also the triangles subtend equal solid angles at the centre of 
the sphere. These triangles, although not capable of direct superposition, 
can be divided into triangles which are capable of superposition, by joining 
the poles of their circumcircles to the vertices of the triangles. 

fl 

,, 101. Problem. — Qiven the hme and area of a spherical 
triangle, to find the locus of its vertex (Lexell). 
• In this case, since we are given the area we know the 
sum of the angles, or 8. Hence, referring to Art. 20, 
Ex. 6, it follows that the locus of the vertex is a circle, of 
which (fig. 10) is the pole. The point is the pole 
of the circumcirole of the colunar triangle on the base 
AB. In piano it is removed to infinity, and the locus 
becomes a right line parallel to the given base. 

Again, since is the pole of the circumcircle of the 
colunar on AB; and since GAB {^rr - 8) is given, is 

D 
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fisedy and the vertex C of the colunar describes a small 
circle passing through A and B ; but since C is diametri- 
cally opposite to C\ it follows that C describes a small 
circle passing through the points diametrically opposite 
to A and B. (Cf. Art. 82, Ex. 3.) 

Examples. 

1. If ^1, Siy E3 denote the spherical exceeses of the colunars on a, b, c, 
respectively, show that 

j& + j&i + ^2 + ^8 = 2ir ; 

and therefore the sum of the areas of any triangle and its coltmars is half 
the area of the sphere. 

*2. Show that the area of a spherical triangle is to that of half the surface 
of the sphere on which it is described as the spherical excess is to four right 
angles. 

{a) Aj Bf C are three angular points of a cube inscribed in a sphere, no 
two of the points being on the same edge of the cube; show that the area of 
the spherical triangle ABC is one-fourth of the area of the sphere. 

[The chordal triangle is equilateral, and its side 



/8r' /2 2ir 

s= a/ -^* Hence sin J op = a/-, and -4 = — j therefore, &c. 

(Art. 27, Ex. 8.) The angle between two sides, being the angle between 
the planes joining the centre to the diagonals of two faces meeting at comer, 
is easily seen by symmetry to be 120°.] 

3. Find tho area of an equilateral triangle, each side being 60^ on a 
sphere of 6 inches radius. 

[By Art. 27, Ex. 8, sec -4 a= 8 ; 

therefore A = 70" 31' 431". JS^ 31° 36' 10^ = 113711". 

113711 
Hence Area- ^^^^^, 36 *= 19*846 sq. inches.] 

2062OO 

4. The area of a triangle, each of the sides of which is a quadrant, 29 
one-eighth of the surface of the sphere. 

* Science and Art Exam, Fapern. 
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*5. If t^e sum of one pair of opposite angles of a variable spherical 
quadrilateral inscribed in a small circle is constant, the area remains con- 
stant. [Cf. Art. 19 (4).] 

102. In Chapter IV. we have seen that when any three 
parts of a spherical triangle are given, the triangle can be 
completely solved. We may therefore find the area from 
the formula, Area = Et^^ when the angles of the triangle 
not included in the data have been first determined. 

We proceed to show in the following Articles how to 
calculate the area, having given — 

(1) The three sides ; 

(2) Two sides and the included angle, 

without resorting to the direct calculation of the value of 
each of the angles. 

- 103. Problem.— 2b ^nfl? the area of a spherical triangle^ 
having given the three sides. The object here is to express 
E in terms of the sides. 

I. Ca^noli's Method:—' 

sin J J5 = sin i (-4 + 5 + (7 - ir) 
« sin Ji{A + B) cos i (C - ir) + cos ^[A-^-B) sin J (C- tt) 
fi= sin J (^ + jB) sin i (7 -• cos ^{A-\'B) cos ^ C 

-?^^!-i^-^^i^[co8i(a-*)-co8i(« + J)] (Art. 64) 

cos "^ c 
sin i« sin ^b sin sin ^a sin ^b 2n 



a^^^i^^rtdU^M 



cos J c cos i sin a sin b 

n 



2 cos i a cos i b cos ^ c 



* Science and Art Exam, Papers. 
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Examples. 

1. Given a = 46<» 24', h = 67° U', (? = 81° 12'; find the area of the 
triangle, the radius of the sphere heing r. 



n 



therefore 
therefore 

2. Given 

3. Given 

4. Given 



logsinJ^ = log2^03j^co8iftco6K 

i sin J ^=9-4518482; 

^ = 32" 63' = 118380"; 
118380 
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r«. 



206265 

a = 108° 14', ft = 75° 29', c = 56° 87'. 

Ans, J? = 48° 32' 34-6". 

a « 67' 17', h = 20« 39', (^ = 76° 22'. 

^«*. J? = 5° 11' 24-6". 

a = 63" 54', h = 47° 18', c - 53° 26'. 

Am. E = 24° 29' 49J''. 



II. E.littlUer'8 Method.— Lhuilier obtained the fol- 
lowing expression for tan J -B : — 

8in|(^-^ J)-sini(ff-C) 
^ cosi (ui + -B) + cos i (tt - (7) 

sin |(^ + -B) - cos i g 
" cos i (-4 + -B) + sin i C 

cosi(a--6)-cosic oosjC 
"^ cos i (a 4 6) + cos^c* sin ^ (7 

sin i js-h) sin j (g - fl^) / sin g . sin (g - g) 
,isoosi(s-c) Nsin(8-a)sin(s-6 



(Art. 64.) 



cos 



- v/tan is tan i («-«) tan i («- ^) ^^^ * t^^^)' 
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104. Cfeometrtcal Methods. — Eeferring to Art. 20, 
we see that if X, T^ Z be the nuddle points of the sides 
of a triangle, AL a perpendicular from A on XT; then 
(fig. 38) ^2) = J (tt - c), LD = iv-y where y = XT, 
and LAB = ir - /8 = i (tt - JB). 

Therefore, since 

cos i AD = cot D cot i-42). 



we have 



sin i c s cot 2> tan ^ E* (1) 




Fig. 88. 

This equation shows that if DP be taken equal to ^ c, 
and a perpendicular FQ be drawn to AD at P ; then 

PQ = i^. (2) 

Again, since 

sin DL = sin 4-D sin LAD, 
we have 

COS y = cos i C COS i l?j 

and, therefore, 

DQ = y. (3) 

Thus the sides of the triangle PQD are i c, i jE, and y, 
respectively. 
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Therefore, from it we find 

. , •, . . -^ . sin AL sin 7 sin CN 

Bm4-B = sm7sm2) = sm7 r~ = ' — i 

' ' COS i c cos i c 

sin ^ a sin 1 6 sin (7 n 

cos ^c 2cos^acos^6oosic' 

Cor. — Since 

cos DQ = cos PQ . cos PD, 
we have 

cos ^ J? cos ^ = cos 7 = cos ^ a cos i ( + sin ^a sin ^ i 008 C 

105. Problem. — To find the area of a spherical triangle^ 
having given two sides and the included angle. 

From the triangle PQD (fig. 38), we have 

cos 7 = cos i (? cos i J?, 

and, by the foregoing, 

sin ^ a sin ^ 6 sin (7 = cos ^ c sin ^ J? ; 

therefore, by division, we find 

. „ 1 ^ sin ^fl sin i ft sing 

tan 5 Ja = 1 j-T : — i : — TT 7^9 U> 

COS i a cos 1 6 + sin i fl sin i 6 COS C/ 
the denominator in this expression beiQg equal to cos 7. 
Again, since 

we have 

and 

tan^Z = tan^D cosi-4jD = tan^Fcosi-4F; 

that is, 

cot J (? sin i -& = tan J 6 sin (-4 - i -E) ; 

therefore 

sin (^ - i ^) 



sin i£ 



= cot i 6 cot J c. (2) 
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When two sides and the included angle are given, E may 
be calculated by means of either of the formulae (1) or (2) 
of this Article. They are not, however, in a shape suit- 
able for logarithmic computation, and the use of a sub- 
sidiary angle becomes necessary. (See Art. 76.) 

Remark. — ^If we denote the spherical excesses of the 
colunar triangles on the sides a, J, c, by J?i, -Ba, E^j re- 
spectively, we have 

Ei = 2A--E, E^ = 2B-E, E, = 2C'-Ey 

and the equation (2) becomes 

sin 1^1 



sin^E 



= cot i ft cot J c. (3) 



1. 

2. 



Examples. 

sin^^i ^ sin J ^2 _ sin J JS3 ^, sin J ^ 

tan } a tan ^ b tan | e tan i a tan ^ b tan ^ e 

sin J JS^i sin J ^a sin J ^3 __ sin J JB 
tani^i tanJSa taniSs tan^ 



106. The formula for sin ^ -B deduced in Art. 104 leads 
to the expression obtained in Art. 97 for the area of a 
circular segment of a sphere. Consider a small triangle 
formed by drawing two great circles through the pole P 
of the segment, very close to each other, meeting the 
circular base of the segment in a very small arc AB. 
The area of the triangle P-4-B is very nearly the same 
as if AB were an arc of a great circle, and, by taking 
AB very small, the diflEerence is infinitely diminished. 

Hence, 

. . ^ sin i a sin i b , . 

sm i ^ = J — ^-. sm = sm* i a x sm C^: 

cos i c * ' 
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or, since H and C are very small, we have 

J? = 2 sin* i o . (7. 

Supposing the area of the segment to be madte up of an 
infinite number of such triangles, we have its area equal 
to their sum ; that is, 

i J?r* « 2r' sin* i a 27r 
= 2irr2 (1 - cos o). 

Examples. 

1. What is the analogous formula in piano — 

(1) To Cagnoli's theorem ; 

(2) To Lhuilier's theorem ? 



uins. (1) A = J ^# iin -4 = V « (« ^ «) (« - A) (« — r) ; 



(2) A = y/8{8-a)(8-b){i-c). 

2. If (7 be a right angle ; prove that 

. , _ sin ^ a sin It & 
cos J <? 

, „ cos^acds^d 
cos J ^ = — ^— r— 2-. 

3. Find the area of a spherical triangle in terms of the arcs a, jS, y 
joining the middle points of its sides. (See fig. 38.) 

[From the triangle, TQD, sin J ^ = sin 7 sin D ; hut sin D = sin ZX, 
sin ZXT, since ZD = 90° ; therefore, if o + iS -f 7 = 2(r, we have 

sin j ^= sin )8 sin 7 sin X = 2 V sin <r sin (cr - o) sin (cr — /3) sin (<r - 7)]. 

4. If auf bfiy cy denote the angles between a and a, b and fi, e and 7,1 
respectively ; prove that 

A . A . . A 

sin a sin aa s sin iS sin iSo = sin 7 sin yc 

= 2n of triangle XYZ= sin J JS^ 
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107. If the sides of a spherical triangle be very small com" 
pared toith the radius of the sphere on which it is described^ 
its area is approximately equal to the area of a plane triangle 
having sides of the same length. 

This may have been already anticipated by the student * 
from the results proved in Art. 29. For we have proved 
there that 

where A is the area of a plane triangle whose sides are 
equal in length to those of the spherical triangle ; and 
A\ B'y (y its angles. 
Therefore 

IT 

or -Br'= A, since -4' + jB' + C" = tt. 

This residt may be obtained directly from LhuiKer's for- 
mula for tan ^ J?, as in the closer approximation of the 
following Article, or from Cagnoli's or other formula 
for E. 

108, If r, the radius of a sphere^ be very large compared 
with the lengths a^ fiy y of the sides of a triangle described 
upon it; to show that if A be the area of a plane triangle^ 
having sides a, j3, 7, the area of the spherical triangle is 
approximately 

a» + 13* + y' 



(- 



^'^^ 24^= 
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We have 

tan \E - v^tan^stani(s-a) tani [s-h) taiii(s-cj. 

But is 11-^; 

therefore, if we write a + j3 + 7 = 2(r, we will have 
fi = - = a very small quantity. 

And 



tan i« 



1 _ 1 



1. '^ 



2r V* 24rV V* ' 8rV 2r V* '' 12 rV ' 
therefore 

^^^^ V2;^-"2r-"ir-"2rv i27v\ i2;^r 

^'^"4rW l2?" • 

Henoe, 

\ 24 r^ 

109. Roy's Rale. — The area of a spherical triangle on 
the EartKs surface being knotvn, to establish a formula for 
computing the spherical excess. 

Let A be the area of the triangle ; then we have the 
equation 

Er'^A] 
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but if n be the number of seconds in the spherical excess, 
we have 

206265 ' 
therefore 



A = 



nt* 



206265' 



Now, the length of a degree on the Earth's surface is 
found to be 865155 feet: thus, 



"'■ = 365156. 



180 



Substituting this value of r in the former equation, we 

find 

log » = log ^ - 9-3267737, 

I 

where A is expressed in square feet. 

This formula is called General Eoy's rule, as it was 
used by him in the Trigonometrical Survey of the British 
Isles. He gave it in the following form: — ^^ From the 
logarithm of the area of the triangle, taken as a plane one, 
in feet, subtract the constant logarithm 9*3267737; and the 
remainder is the logarithm of the excess above 180°, in 
seconds, nearlyJ^ 

110. Redaction of an Angle to the Horizon. — 

CHven the latitudes and the angular distance between two 
places, to find the difference of their longitudes if their 
latitudes be very small. (Of. Art. 27, Ex. 10 ; and Ex. 14, 
p. 103.) 

Let Z be the pole (fig. 39), a and b the places ; Aa and 
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Bb axe the latitudes X and \' of the places, and AB is their 
difference of longitude. If ab = S, we have 




cos AB = cos Z 



Fig. 39. ' 

COS 8 - sin X sin X' 



(1) 



cos X cos X' 

This gives the exact value of AB. An approximate value 
may be obtained by assuming it equal to 8 + iP, where x is 
essentially small. 

Hence, by (1), cos (8 + a;) = ^ ^ i /^a + x^) 

or (cos8-a?sin8)[l-i(X* + X'«)] = cos8-XX'; 
therefore 

a? sin 8 = XX' - i (X' + X'*) cos 8, nearly ; 

2XX'- (X» + X'»)(cos'i8-sin»|8) 

2sin8 

= i[(X + X')Hani8-(X-X0'ooti8]. 

If AOB be the plane of the horizon, a and b two objects, 
the angular distance between which is measured by an 
observer at 0, the above correction, ir, applied to 8, wlil 



and 



X = 
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• ' • • • 

give the horizontal angle AB, This process may be 
used in surveying, and is called, reducing an angle to the 
horizon. 



Section III. 
Areas of Polygom — Maximum Areas. 

111. Area of a Polygon. — Having given the sum of 
the angles of a spherical polygon^ to find its area. 

Let S denote the sum of the angles of the polygon, and 
n the number of its sides. Take any point within the 
polygon, and join it to all the angular points ; the polygon 
is thus divided into n triangles, and its area is equal to the 
sum of the areas of the triangles 

= (S + 27r - wtt) r'* = { S - (w - 2) it) r' = Ei^, 

where -E, the Spherical Excess of the polygon, denotes the 
excess of the sum of the angles of a spherical polygon 
over that of a plane polygon of the same number of sides. 
Cor. 1.— ^The area of a spherical quadrilateral is 

(^+5+C7 + i)-27r)r^ 

Cor. 2. — If a quadrilateral be inscribed in a small 

circle, A-^ C = B + D; and hence the area of a cyclic 

quadrilateral is 

2{A + C-ir)r\ 

112. Area of a iiiiadrilateral. — The corollaries of 
the foregoing Article determine the area of a spherical 
quadrilateral, when the simi of its angles is given ; and of 
a cyclic spherical quadrilateral, when the sum of a pair of 
opposite angles is given. 
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If, however, the sides a, b, c, d, and diagonals S, ^ of 
any quadrilateral be known, its area may be determined 
from the equation 

. ^^ (BinJJsinJJ'+coeJflcosJc— cosJJcosJrf)(8iiij8smJ^--cosJacos J<^f cosj^cosjrf) 
* 4 cos ^a cofl ^d cos ^c 008^(2 

where E is the spherical excess of the quadrilateral. 

A simple proof of this equation is given in Chap. XIII., 
Sec. II. 

Cor. 1. — When the quadrilateral is cyclic, we have 

sin ^ S sin ^ S^ = sin ^ a sin ^ c + sin ^ 6 sin ^ d^ 
and the above formula becomes 

9 

. ,, _- sin^ (g - a) sini(g - h) sin^ [a -c) sin^(g - d) 
sin X J" ■— 1 1 ^ 1 i 'f « 

* cos f a cos 1 cos i c cos t a 

where 2« = a + J + c + d^. 

Cor. 2. — When the quadrilateral is circumscribed to one 
circle and inscribed in another, we have the additional re- 
lation a + c = J + c?, and hence, 

sin* J-B = tan^a tan ^6 tan^o tan^e/. 

Maximum Areas. 

113. problem. — Having given two sides of a spherical 
triangle, to determine when its area is a maximum. 

Let AB and AC (fig. 38) be the given sides ; then the 
triangle LAD gives 

cos LAB ^ tan AL cot AB^ 
or 

sin J -B ^ tan AL tan J c. 

Now, when A = 0°, we have also AL = 0° and J? » 0"^ ; and, 
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as A increases from zero, AL increases, and sin ^ ^ in- 
creases ; but obviously the greatest value AL can have is 
i h ; and in this case, since LAB - S, we have 

and sin J -B = tan J h tan ^ c. 

Now E may have any value between (f and 27r, and 
sin i E cannot be greater than unity. Hence we have 
the following cases: — 

Case I. — b + c < tt. 

In this case, tan J (6 + c) is always positive, and there- 
fore tan i b tan i c is less than unity. Hence, sin i £ is 
always less than unity, and reaches its maximum value, 
tan i b tan J c, when AL = i 6 ; or when 

A^B+C. 

Hence the area of the triangle is a maximum, when the 
angle between the given sides is equal to the sum of the 
other two. 

Cor. 1. — In this case, the pole of the circumcircle is at 
the middle point of the side BC; B and C are thus diame- 
trically opposite points on it ; the chordal triangle is there* 
fore right-angled at Ay and its area is also a maximum* 

Cor. 2. — The area of the colunar on BC is one-fourth 
the area of the sphere, or irr'. 

Cor. 3. — As A increases beyond the value which gives 
the maximum area, the area of ABC diminishes to zero 
when A^TTy and the colunar on BC is half the area of 
the sphere. 

* See further. Chap, viii., on the Chordal Triangle. 
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Case II. — h + c = tt. 

In this case, tan | b tan ^c = l^ and E increases as AL 
increases, up to its maximum value, i h^ in which case 
sin i J^ = 1 ; 

or E--w--A^B+C. 

(See Art. 24.) 

Thus the area increases as A increases, up to its extreme 
limit, ABCy being throughout equal to the colunar on BCy 
each finally being one-fourth the area of the sphere. 

Case III. — h + c* > ir. 

In this case, tan J b tan | c is greater than unity ; and 
since sin i E cannot be greater than unity, AL can never 
be so great as i fr, but will reach the value given by the 
equation 

tan AL tan i c = 1, or AL = i (tt - c). 

AL will then diminish {^E at the same time increasing 

beyond i tt), until it again becomes zero, when ^ E = ir] 

that is, when the area of the triangle is half the area of 

the sphere. 

- It is thus clear that the area of the triangle ABC has 

no real maximum value when J + c > tt, but increases 

imtil the triangle loses its form, and becomes a great 

circle or hemisphere. However, the colunar triangle on 

BC satisfies the condition of Case I. and is of maximum 

area, when 

^ = (7r-^) + (7r-C). 

Cor. — The area of ABC in this case is Trr^, and increases 
from this value to 27rr*. 



Examples. 
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Examples. 

1. Deduce the aJ>oye results from the equation 

sin } ^ = sin ^ E\ tan \ b tan \ c. 

2. When two sides of a triangle are given, and its area a maximum, the 
«.rcs joining their middlo points to the middle point of the hase are per- 
pendicular to them, and each meets the opposite side in the pole of the 
other. 

3. If the area of a spherical triangle is one-fourdi the area of the sphere, 
the middle points of its sides are the poles of the circumcircles of its co- 
lunars, and the arcs joining the middle points of its sides are quadrants. 

114. If a string of given length be laid in any manner 
on the surface of a sphere, and its extremities joined by 
an arc of a great circle, the area of the figure thus formed 
is a maximum when the string is in the form of a semi- 
circle. 




Fig. 40. 



Fig. 41. 



Fig. 42. 



Join A and B (fig. 40), the extremities of the string, to any 
point C on it. By supposing AC and BO to remain 
constant in length, and the areas AMC and BNC to be 
rigidly attached to them, we can increase the area of the 
triangle ABC\ and therefore of the whole figure, by 
making C = A + B^ and therefore the curve AMCNB 



£ 
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must be such that the triangle formed by joining A and B 
to any point C on it will satisfy the condition C = A-\-£; 
that is, it must be a semicircle, of which the middle point 
of AB is the pole. 

Cor, — If the ends of the string be united, the area of 
the figure it forms on a sphere is a maximum when it is a 
small circle, for each half of it must be a semicircle. 

115. Theorem. — If the sides of a polygon be giverij its 
area is a maximum when its vertices lie on a circle. 

For suppose the polygon to be inscribed in a circle 
(fig. 41), and let it be distorted (fig. 42) so as to take 
another shape, the portions of the area between the sides 
and the circumcircle remaining rigidly attached to them ; 
then the new figure will have the same perimeter as the 
original, and will therefore be of less area (Art. 114, Cor.) ; 
but the portions on the sides are the same in both ; there- 
fore the new polygon is less in area than the original. 

Cor. — When the sides of a quadrilateral are given, its 
area is a maximum when the sum of one pair of opposite 
angles is equal to the sum of the other pair. 



Miscellaneous Examples. 

1. Prove that 

, „ 1 + cos a + cos i + cos c cos' * a + cos* ^ * + cos* i <? - 1 
cos it E^ — — _^— __— — ^ * ^ ^ ^ 

4 cos ^ a cos ^ b cos ^e 2 cos ^ a cos } d cos ^ <; 

[cos 7 = cos J <? cos J ^ (fig. 38). Cf. Art. 105 ; and p. 67, Ex. 4.] 

2. Prove that 

. , _ sin J « sin J (« — a) sin J (» - b) sin J (• — e) 
Bin.. X JS ss ^ 

cos ^ a cos ^ b cos \ e 

[Apply Ex. 1.] 
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3. Prove that 

2 , COB J « cos J (« - a) cos J (« — b) cos J (« — c) 

COB X A — 1 TT 1 • 

COS \ a cos f * COS ^ tf 

4. From Examples 2 and 3 deduce LhuUUr'a Theorem, 

h. Deduce Lku%lier*a Theorem^ from Ex. 1, and the formula 

, _ 1 - cos i -E sin i ^ 



sinj^ ' l + cosj^* 

6, Show that 

8in(C-J^)=— - 



2 sin ^ a sin ^ b cob \ e 

[Apply Art. 10^ to colunar; and cf. p. 75, Ex. 31.] 

7. Show that 

tn 1 r.\ l + COSC-COSa-COB* . _ 

COB {C-\E) = —T-j^ :— -y- =- = COS J J?s 

4 Bin j^ e7 sm ^ d cos J <? 

__ COS* \c- cos* J a - cos* J 3 + 1 
2 sin Ja sin J 6 cos ^ c 

[Cf. Ex. 1. This relation is obviously identical with that of Ex. 1, 
applied to the colunar triangle on the side <f. See also p. 75, Ex. 29.] 

8. Prove the relations 

^ ' '^ * sin^asinf ^«08^(; 

^ ' " ^ ^ ' sm J a Sin f cos f 

[These relations can be derived from Examples 2 and 3, applied to the 
cpolunar on e."] 

9. Prove that if -Ei, -E2, Ez l)e the spherical excesses of the colunar tri- 
«mgles on the sides a, b, e, respectively, 

^^^i^^^ tani(*-^)tani(g-g) 
* tan J 8 tan i (« — a) * 

with similar expressions for !!% and Ss, 

E2 
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10. Hence, show that 

cot J-StanJJ?itanJ-B2tanJjE3 = cot2 J«, 
tan J -B cot J -Bi tan J -B2 tan J -Bs = tan* } (« - «)» 
tan J^tan J^i cot J J^a tan J^3 = tan* J(« - b), 
tan i J? tan ^^1 tanj J?2 cot ^ J?s e tan* J (« - e). 

(Cf . form with Art. 80, Ex. 2.) 
•11. Prove that 

Vein J E sin ^ ^1 sin ^^2 sin^^s 
am 8 = ^ ^— ; * — — * 

[Supplemental to CagnoWs Theorem. See also Exam. Taper xii., Ex. 2.] 

12. If the sum of the angles of a triangle be four right angles ; prove 
that 

cos* } a + cos* \h-\- cos* \e-\. 

[Apply Ex. 1.] 

13. If two sides of a triangle, a and h, be supplementary, prove that the 
spherical excess is equal to the included angle C\ and if B* denote the 
spherical excess of the polar triangle, prove that 

sin } ^' a= sin a cos } C. 

{Science and Art Exam.) 

[-4 + ^ = », by Art. 24 ; therefore E-C. Also, ^' = ir - <?, and 
cos c = - cos* a + sin* a cos C, and cos } <; = sin } E'."] 

l\. Show that 

flin*^^- Vsin^^sin^^i sin ^ ^2 sin ^^ ^ 

cot i a cot \b coi^e 

[Apply Art. 105(2).] 

15. Two spherical triangles have equal vertical angles, and are such that 
the products of the tangents of the halves of the sides about the equal angles 
are equal to one another ; prove that the areas of th6 triangles are the same. 

(See Art. 105.) 
What does this theorem degenerate to on a plane ? 

(Eue., VI. XV.) 

* Hence the area of the polar triangle in terms of the angles of the primi- 
tive triangle. 



Miscellaneom Examples. 53 

. 16. Tlirotigh one of the vertices of a triangle draw an arc of a great 
circle, bisecting its area. 

[Let the arc be drawn through the vertex C, meeting the base in a 
point C\ Apply Art. 106 (2) to the triangles AGO' andj BCC. The arc 
CC divides the base into segments, the sines of the halves of which are in 
the ratio cos J : cos ^ &]. 

17. Through a given point on a side of a spherical triangle draw an arc 
of »• great circle, cutting off a given part of the triangle, 

[Art. 105 (2) gives the point where the- arc meets another side; there- 
fore, &c.]. 

18. If a, iS, 7 be the radii of ttree small circles, which touch each other 
at A'B'C ; and ii A, B, C be the poles of the circles, show that the 

area A'B'C = {A coa a + B cos fi + C cos 7 - ir) r^, 

[The area of AB'C is to the area of the segment on which it is situated 

as ^ : 2t ; therefore 

AB'C ^Ar^{l-coaa). 
Similarly, 

BC'A' = Br^ (1 - cos j3), and CA'B* = Cr^ (1 - cos 7) ; 

therefore, &c.]. 

19. If two sides of a spherical triangle be given, and its area a maxi- 
mum, the arcs drawn perpendicular to the sides at their middle points pass 
through the middle point of the base. 

[For the middle point of the base is the pole of the circumcircle.] 

20. If the area of a spherical triangle be one-fourth, of the area of the 
sphere, the arcs joining the middle points of its sides are quadrants. 

{London University,) 
[The triangle BPQ (fig. 38), shows that 

cos 7 cos jB cos a 



cos J -E = 



cos \ e cos ^ b cos ^ 



h] 



21. If the area of a spherical triangle be one -fourth the area of the 
sphere, show that the bisector of a side is tho supplement of half that side. 

[The middle points of its sides are the circumcentres of the colunar tri- 
angles, since in each of them we have, by the given condition, the vertical 
angle equal to the sum of the base angles.] 
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22. Given the base and area, show that the arc joming the middle pointff 
of the sides is constant ; and if it is a quadrant, then the area of the tri- 
angle is irr^. (See fig. 38.) 

23. What relation connects the area of a triangle with the sum of the 
sides of its polar triangle? 

24. Two circles of angular radii, a and fi, intersect orthogonally on a 
sphere of radius r ; find in any manner the area common to the two. 

(London Univeraitf^.) 

[Let A and B be the angles subtended at the poles of the circles by their 
common chord, M and N their common points, 9 the distance between 
their poles; then, if a; be the conmion area, we have 

sector AMN + sector BMN — quadrilateral AMBN + x ; 
therefore 

x + {A + B-it)f^ = Ar^ {I - cos o) + Jr* (1 -cosjS); 

or a? = (» — -4 cos a — 5 cos /9) r*. 

A, B are determined from the equations 

sin a = sin 8 sin ^ J?, sin /3 = sin 5 sin J ^, cos 8 = cos a cos /B.] 

25. Find the surface of an equilateral and equiangular polygon, and the 
value of each of the angles when its area is half the surface of the sphere. 

{Cambridpe Exam, Papers.) 

26. If S be the spherical excess of a triangle ; prove that 

\E = tan \ a tan \h smC -\ (tan \ a tan } ^)2 sin 2 (7 + &c. 

r.«» , , « tan \ a tan ^b smC 

[We have tanj^=- — -^ ~ r=; 

•■ ^ l + tanja tan J* cos C 

X sin a 
and if we have tan x = 



\ ■\-\ cos a 
then a; = «» + A sin a - } X* sin 2 a + J \' sin 3o - 

See Todhunter's Plane Trig., Art 298.} 
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CHAPTER VIII. 

THE CHORDAL TRIANGLE. 

116. Frequent reference has already been made to the 
ohordal triangle, or the triangle formed by the ohords of 
the sides of a spherical triangle. "We shall now point out 
some of the relations which exist between the parts of a 
spherical triangle and its chordal triangle. 

We shall denote the angles of the ohordal triangle by 
-4', -B', C\ its sides by a', h\ c'\ and if r be the radius of 
the sphere, we have 

d = 2r sin ^«, 6' = 2r sin ^6, c' = 2r sin \c, 

117. Problem. — Saving given the sides of a spherical 
triangk, to determine the angles of the chordal triangle. 

By Plane Trigonometiy, 

a'» = 6'«+c''- 2^(5' cos J['. 
Dividing both sides of this equation by 4r*, we find 
sin'^a = sin^^J + sin^^c - 2sin^6 sin^-c cos -4'. 

Hence 

., 1 + cos a - cos h - cos c 

4 sm^6 sm^c 
or, 

with similar values for cos B^ and cos C\ 

S>eferring to the third of the Miscellaneous Examples of 
Chap. III., it will be seen that this expression for cos A' is 
identical with that for the cosine of the arc joining the 
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middle points of the sides of the colunar triangle on the 
side fl, and we may conclude, therefore, that the angles of 
the chordal triangle are respectively equal to the arcs 
joining the middle points of the sides of the colunars on 
the sides opposite to them — a relation which may be 
proved geometrically, as follows : — 

118. The angles of the cJiordal triangle are^ respectively y 
equal to the arcs joining the middle points of the sides of the 
colunar triangles. 

Let ABC (fig. 43) be a spherical triangle, the centre 
of the sphere, and C the point diametrically opposite to 
C ; if and iV the middle points of C'A and C'B. Then 




N 

Fig. 43. 

OM is parallel toAC^ since they are both perpendicular to 
AC\ Similarly, Olf is parallel to BO. Therefore the 
angle MONoi the arc MN is equal to the angle C of the 
chordal triangle. 

Eeferring to Fig. 10, Art. 20, it will be seen that is 
the pole of the circumcircle of the colunar on AB^ and that 

A0B = LM^2XY] 

that is, the angle which any side of a triangle sub- 
tends at the pole of its circumcircle is double of the arc 
joining the middle points of the sides of the corresponding 
colunar, or (by the foregoing) double of the corresponding 
angle of the chordal triangle. 
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This may be proved independently, as follows : — 

119. The angle subtended by a side of a triangle at the 
pole of its circumcircle is double of the corresponding angle of 
the chordal triangle. 

Let H be the pole of the circumoircle ; then the planes 
of the great circlos AH and BH are each perpendicular 
to the plane of the circumcircle ; and therefore the angle 
between them is equal to the angle which the side AB 
of the chordal triangle subtends at the centre of the cir- 
cumcircle ; that is, is double of the corresponding angle of 
the chordal triangle. 

Cor. 1. — When C = ^ + -B, the chordal triangle is 
right-angled at C. For AB passes through the pole of 
the circumcircle, and therefore subtends an angle tt at it. 
Hence C = J tt, as is obvious, since A and B are diametri- 
cally opposite points on the circumcircle. 

Cor. 2.— 

cos A' = cos i a sin [8 - A), 

cos B^ = cos J b sin [8 - J5), 

cos C = cos i c sin {8- C). 

[These values follow at once by dropping perpendicu- 
lars from jH" on the sides of the triangle.] 

120. Problem. — Saving given two sides and the included 
angle of a spherical triangle^ to find the correspanding angle 
of the chordal triangle. 

Since C is equal to the arc MN, joining the middle 
points of the sides of the colunar, we have at once 

cos (7' = sin J « sin J J + cos J a cos J b cos C ; 

with similar values for cos A^ and cos jB'. 



58 The Chordal Triangle, 

No difficulty will be found in identifying these values 
of cos A\ cos J5', cos C with those given in Art. 117. 

121. If the sides of a spherical triangle be small compared 
mth the radius of the sphere^ to find the excess of an angle of 
the spherical triangle over the corresponding angle of the 
chordal triangle. 

Let Q denote the excess ; then 

cos -4' = cos (-4 - fi) - cos -4 + 9 sin -4, nearly. 
But by Art. 120, 

cos A = sin* i (6 + c) - sin* i ( J - c) 

+ [1 - sin* J (ft + o) - sin* i (ft - c)] cos A, 
Therefore 

6 sin -4 = sin* J (ft + c) (1 - cos A) - sin* i (ft - c) (1 + cos A) ; 
from which we find 

6 = tan i A sin* J (ft + c) - cot J ^ sin* J (ft - c).. 

This expression gives the circular measure of the excess 

as a function of two sides and the included angle. The 

value in seconds is obtained by dividing by the circular 

measure of one second. 

Cor.— 

sin -4 = cos i fl sin {8-A)- cos A. 

[For cos -4' = cos u4 + sin -4 = cos i a sin (S- A). 

(Art. 119, Cor. 2).] 

Examples. 

1. If A\, Bi, C\ ; Aiy ^2, C2 ; Az, B3, Cz ; be the angles of the chordal 
triangles of the colunars, prove that 

cos^i=cos^asm/5', cos^i =sin JJ sin (/S— C^, cos Ci= sin J c sin (5 — 5), 

cos ^2 = sin} a sin (/S— (7), cos^2 = cos}d sin/S, co6C2 = sin}tfsin(i$— ^), 

cos -^3 = sin }« sin (fi" - B), cos £3 = sin } d sin {S - -4), cos d = cos Jc sin S. 
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2. Prove that 

sin C" sill (7 ' 

{London Univ. Exam. Papers.) 

3. XJeing the notation of Ex. 1, show that 

cos^i : cot ^2 : oob Cz = cos ^a : cos ^b : cos }«. 

4. If one of the arcs joining the middle points of the sides of a triangle is 
a quadrant, the others are quadrants ; and hence, if the chordal triangle of 
one of the colunars is right-angled, the chordal triangles of the other colu- 
nars are right-angled, and the middle points of the sides of the original 
triangle are the poles of the circimicircles of the colunars. 

5. Show, by Ex. 4, that if one of the colunar triangles is the greatest 
that can be constructed with its two sides, the other colunars are also of 
maximum area. 

6. If C= ^ + J9, prove that 

cos C = — tan Ja tan J*. 
[The chordal triangle is right-angled at C] 

7. If two sides a, ^ of a triangle be given and the area a maximum, show 
that the arc joining the middle points of the sides is given by the equation 

cos a + cos J 

cos 7 = 5 r^. 

COS fa COS ^d 

8. In the same case, show that the third side, c, is found from the equation 

2 cos* Jc = cos a + cos b. 

9. Show that the sum of the three arcs joining the middle points of the 
sides of the colunars is equal to two right angles, the sides of the original 
triangle being regarded as the bases of the colunars. 

[They are equal to A', B\ C", respectively.] 

10. Prove that 

cos* \a sin* 8 + sin* J* sin* (5' - C) + sin* Jc sin* {8 - B) 

+ 2 cos \a sin \b sin \e sin 8 sin (5 - ^) sin (6^ - C) = 1- 

[See Ex. 1, and remember that 

1 - cos*^' - cos*-B' - cos* C" - 2 cos A' cos ^ cos C" = 0]. 
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11. Prove that 

V* /l+cosa-cosA-coflA' , /l + costf-coflJ-coflcX , ., . ,^ 
^^ \ sin J* sin Jc / '\ 8mJ*siiiJ<? / 

(Educational T^mes,) 

12. Prove that 

8m8(fi'-^)cos«Ja + Bm2(fi'-^) cos« JA + 8iii*{5-C) coaajiJ 

+ 2cosJa cos J3 cos J<? 8iii(iS— -4) am (5 -5) sin [S- C) = 1. 

13. Prove that 

(a) 8in|3 cos^' + sinja cos^= sm}<;. (Art 117.) 

O) sin^a cos^d sin(i5-^) + sm Ji cos Ja sin (5 — -4) = sin|c;. 

14. What is the analogue in piano to Ez* 13 {$) ? 

Ans. c = b cos A + a cos J9. 

15. Having given the base and the arc joining the middle points of the 
colunar on the base, the circumcircle is fixed. 

[For the vertical angle of the chordal triangle is given.] 

16. Prove the equation 

sin ^d sin ^c sin {S''A)-\- cos^b cos Jc sin ^ = cos ^a, 
[sin Jo cos ^3 + cos J J cos Cs = cos Ja (Ex. 1).] 

17. Prove the relation 

o COS A cos B cos C = . i — . — ^— .- —^ 

sin A sm B smC 

18. If A+£ -i- C= 2ir, prove that 

(a) cos' J« + cos* J 5 + cos* J« = 1 . 

(i3) cos (7= - cot Ja cot Ji. (Cf. Ex. 6.) 

19. Solve the ea nations 

sin & cos sin Z + sin e cos 6 sin F= sin 0, 

sin (; cos sin X + sin a cos tf sin Z = sin ^y 
sin a cos ^ sin F + sin & cos sin Z = sin c. 
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[Let 2a, 2by 2c be the sides of a spherical triangle, then 

. ^ 1 + cos 2« — cos 2b - cos 2c 

8mX= T^—j—' > 

4 Bin sin c 

with similar values for Fand Z.] 

20. Show, by applying Art. 119, Cor. 2, to the colunar triangle, that 

Jcosa cosjS cos 7 . ^ 

— r- = j-T = r- = sin iS', 

cos^a cos^o cos}(; 

where a, /3, 7 are the arcs joining the middle points of the sides. 

21. "What is the geometrical interpretation of Ex. 17 ? 

Am. If one angle of a spherical triangle be equal to the sum 
of the other two, the chordal triangle is right-angled. 
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CHAPTER IX. 

CONCURRElrt: ARCS AND CONCYCLIC POINTS. 

122. Conditloii tbat Three Ares tbrough the 
Wertlces of a Triangle should be Concurrent. 

If three arcsy OAy OBy OCy drawn from a point to the 
vertices of a triangUy meet the opposite sides in points A\ ^, C, 
and divide them into segments aiy(h; 6i,6a; Ci,(?2, respectively ^ 
ive have the relation 

sin ai sm ^i sin Ci 



sin at ' sin ^j * sin Cj 



= 1; 



and conversely — if points A% -B', C divide the sides of a 
triangle into segments connected by the above relation, the arcs 
AA'y BS, CO' will meet in a point* 



Fig. 44. 

Let AA\ BBTy CC (fig. 44) meet at and divide the 
sides into segments, as marked in figure. 

* N.B. — In a^ cases in which we speak of any number of arcs passing 
through a point, it is to be understood that they pass through the diametri- 
cally opposite point also. 
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The triaBgles BA'O and CA'O give us 

sin fli sin -4' = sin -BO sin «, 
and sin (h sin u4' = sin CO sin ar. 

sin 01 sin BO sin s 



Therefore 



Similarly, 



and 



sin (h sin CO sin :r' 

sin 6i sin CO sin y 

sin 62 sin -40 sins' 

sinci sin -40 sin iP 



sin C2 sin BO sin iy* 

Multiplying these three results together, we obtain the 
relation in question. 

Again, conversely^ if this relation holds among the seg- 
ments of the sides, the arcs -4-4', BB^^ CC^ will pass 
through a point. For, if possible, let -4', J5', 0" be three 
points dividing the sides into segments, which satisfy the 
above relation, and suppose the arc CO not to pass through 
C". Then, since -4-4', BB\ CC are concurrent, we have 

sin ai sin bi sin Ci 



sin aj ' sin 62 ' sin Ct 
Also, by hypothesis, 

sin 01 sinJi sin^O 



= 1. 



= 1. 



sin 02 * sin 62 * sin BC 
Therefore 

sinci _ sin -40" 

sin Ct sin £0"' 

which is absurd, since the arc AB is less than 180°. 

123. If the arcs AA', BB, CC divide the angles 
-4, By C into segments -4i, -42; BiyB^; Oi, O2; opposite the 
corresponding segments of the sides, then we have 

sin 01 sin c sin -4i 



sin 03 sin b sin A2 



, &c., &c.. 
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and therefore 

sin Ai sin Bi sin d - 

sin Ai ' sin B2 ' sin d 

And just as before, it holds conversely, that if this relation 
exists among the segments into which three arcs divide 
the angles of a triangle, then these arcs, produced if neces- 
sary, will pass through a point. This then may also be 
regarded as a criterion of the concurrency of three arcs. 

Hence we have the following theorem : — If three arcs 
passing through the vertices of a triangle he concurrent^ three 
arcs equally inclined to the bisectors of the angles of the triangle 
will also be concurrent. 

For, if the former triad divide the angles into segments 
Aiy Az ; Bi, Bi ; Ci, C2 ; the latter triad will divide them 
into segments A29 Ai ; B2, Bi ; dy Ci ; and, therefore, if 
the former triad meet in a point, so also will the latter. 

If this latter triad make segments a/, ag', J/, Ja'j Ci% C2', 
on the sides, we have, as at the beginning of this Article, 

sin ai sin c . sin -^2 -^ , sin A2 sin ^2 • sin c 



&ma2^ 



Therefore 



sin c . sin A2 
sin 6 . sin -4i 


. But^!^f = 
sm Ai 


sin a/ 


sin «2 sin* c 


sin a2 


smai ' sin' 6* 


sin bi 


sin bi sin* a 

• 


sin 62' 


sin bi ' sin* c ' 


sine/ 


sin C2 sin* b 



Similarly, . ,, = ^-^ . -7-^- ; Y 

•^ flin nJ am n, am* /» 



and . . . .... 

sin C2 sm Ci sin* a 

These expressions also shdw that if one triad be con- 
current, the other triad will alteo be concurrent. 
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Examples. 

1. Prove that the following arcs are concurrent : — 

(a) The medians or bisectors of sides. 
()3) The symmedians. 

In (a) we have = 1, &c. ; and m (B) we have -; ; = -r— -, &c. 

^ ' sin a% «in*3 sin^o J 

2. Show that— 

(a) The three internal bisectors of the angles ; 

(jS) Two external and one internal ; 

are concurrent. 

[sin ai : sin aj : : sin tf : sin d, or apply Art. 123.] 

3. The perpendiculars of a spherical triangle are concurrent. 

(See Art. 54). 

r sin e\ sin ^ cos -^ „ 1 

J = -, &c. . 

"Lsin C2 sin a cos B J 

4. Show the concurrency of the arcs joining the vertices of a triangle to — 

(a) The points of contact of the sides with the in-circle ; 

(j3) The points of contact of the sides with each of the ex-circles ; 

[^2 = b\y ^2 = <?b ^2 = «i. Therefore, &c.]. 

6. Prove that the three arcs drawn through the vertices of a triangle, bi- 
eecting its area, are concurrent. 

r-rrr t ^^^ \ ^1 ^^S \o . . 

rWe have -: — :; = — r-,) <s;C' ; hence, if we calculate sm a^. sm <?2> <kc., 

sm ^ «2 cos f b 

we find the criterion satisfied. For a simple geometrical proof see Art. 157.] 
124. Conditipn tbat Tbree Pointo on the Sides 
of a Triangle sbould be Coneyciic. — If a great circle 
meet the sides of a triangle in points A\ B\ C\ dividing them 
into segments ai, a% ; 61, h^ ; Ci, C2, we have the relation 

sin ax sin by sin Ci 



sin a^ * sin h^ sin c-i 



= -i-: 



* The negative sign is taken, because any arc drawn across the sides of a 
triangle must cut either one or three of the sides externally. 

F 
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and conversely — If three points be taken on the sides of a 
triangky and if this relation holds among the segments into 
which they divide the sideSy then the points will lie on the same 
great circle. 




Fig. 45. 

Let X, )Lc, V be the perpendiculars from ABC on the 
great circle ABC\ Then, if -4(7' = Ci, and C'B = Ca, as 
bef ore, we have 

sin ai sin fi 



Similarly, 



and 



Therefore 



sin 02 


sm V 


sin ^1 


sin V 


sin hi 


sin X' 


sin Ci 


sinX 


sm Ca 


sin/x' 


sin ax sin by 


sinci 



sin 02 sin b^ sin c^ 



= -1. 



The converse — viz., if the segments a^ a^; Ji, bz ; Ci, d are 
connected by the above relation, the points A\ -B', C lie 
on the same great circle — follows exactly as in the fore- 
going Article, by supposing them not to lie on the same 
great circle. 
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Remark. — The relation of Art. 55 (1) connecting the 
mutual distances of three points with the perpendiculars 
from them on any fixed great circle may also be used with 
advantage to determine if three points lie on the same 
great circle. 

125. Theorem. — If three great circles^ drawn from the 
vertices of a triangle^ pass through a point 0, and meet the 
opposite sides in points A\ S!^ C\ the sides of the triangle 
A\ J5', C will meet the corresponding sides of the triangle 
ABC in points which lie on a great circle. 




Fig, 46. 

Since AA\ BB^ CC (fig. 46) are concurrent, we have 

sin ax sin ^i sin Cx 



sin «2 * sin h^ ' sin C2 



= 1; 



and if A'B" meet AB in a point C", we have, since 5', A\ C" 
are on the same great circle, 



sin «i sin fti sin^C" 
sin ai ' sin h^ * sin BO'^ 



p2 
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sin -4(7" sin Ci \ 



Hene 



Sin BC sm c^ 

c,. ., T sinjB^" sin «! 

sin CK' __ sin ^i 

sin^jB" sin ^2 / 



and 



Tl. sin^O" sin BA'' miCB^' 

ineretore ^.^ ^^,, . -^-^377 • -^-^^, = - 1 ; 

and hence the points -4", jB", C Ke on a great circle. 

Cor, — If A' and ff be the middle points of the sides a 
and 6, then C will be the middle point of the side c. But 
it has been proved that the arc joining the middle points 
of two sides meets the third side at 90° from its middle 
point (Art. 20) ; hence, if (7'(7" and A^A'' are quadrants, 
then B^B^' will also be a quadrant. 

Therefore, since A^\ B!\ C" are concyclic, by considering 
the quadrilateral C'A!G'^A!\ \ii(^o^^^^i^ if two diagonals^ 
A'A^ and C'C'\ of a quadrilateral he quadrants^ the third 
diagonal, B!B^\ will also he a quadrant. 

Examples. 

1. The arcs joining the middle points of the sides of a triangle meet the 
opposite sides in points which lie on a great circle, having the pole of the 
circumcircle for its pole. 

[See fig (10) and note that the points E and B are 90° distant from Z.] 

2. The great circles joining the feet of the perpendiculars of a triangle, in 
pairs, meet the opposite sides in points which lie on a great circle. 

3. The great circles joining in pairs the points of contact of the in-circle, 
or of any one of the ex-circles, w.^h the sides, meet the opposite sides in 
points which lie on a great circle. \ 

\ 
\ 



\ 



\ 
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4. The arcs joining in pairs the points where the hisectors of the angles 
of a triangle meet the opposite sides, intersect the opposite sides in points 
which lie on a great circle. 

5. The medians of a triangle intersect at ; prove that 

sin OA : sin OA' : : 2 cos^a : 1 ; 
sin OB : sin Off : : 2 cos J* : 1 ; 
sin OC : sin OC : : 2cos^(> : 1. 

[Consider the triangle ACC and the transversal BB* drawn across it, 
and apply the relation of Art. 124.] 

6. If arcs AA', BB\ CC be drawn through the vertices of a triangle 
passing through a point 0, and cutting the opposite sides in A\ B\ C, 
prove that 

sin OA' cos OA 



{13) X 



suiAA' 
tan OA' 



tan OA' + tan OA 



= 1. 



= 1. 



, , .^-k sin OA . cos OA' 

(y) 2, '—^- = 2. 



(«) % 



ahiAA' 
tan 0-4 



tan 0^ + tan OA' 



2. 



7. If a triangle be inscribed in a fixed small circle, and if two of its sides 
touch two fixed spherical curves, its third side will envelop a third spherical 
curve, such that the vertices of the triangle connect concurrently with the 
points of contact of the opposite sides with their envelopes. 

[Take a consecutive position of the triangle, and it will be seen that the 
segments of the sides, made by the points of contact, satisfy the relation of 
Art. 122.] 
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CHAPTER X. 

DIRECTION ANGLES AND DIRECTION COSINES. 

126. Tii-qnadrantal Tiiangle. — If each side of a 
spherical triangle be a quadrant, each vertex will be the 
pole of the opposite side, and each angle a right angle. 
Such a triangle we shall refer to as being Tri-quadrantaL 
It may be observed that the radii from the centre of the 
sphere to the vertices of a tri-quadrantal triangle are mutu- 
ally perpendicular to each other, the angle between two 
radii being equal to the arc joining their extremities ; so 
also the planes of the great circles forming the triangle 
are mutually perpendicular. 

127. Dlrectioii Cosines. — The angular distances 
of a point on the surface of a sphere, from the vertices of 
a fixed tri-quadrantal triangle on it, are called the Direc- 
tion Angles of the point, and the cosines of these angles are 
called the Direction Cosines of the point. Thus, if P (fig. 47) 
be any point on the surface of a sphere, ABC a fixed tri- 
quadrantal triangle, the arcs PA, PB, PC are the direc- 
tion angles of P. These we shall denote by a, /3, 7, 
respectively. It is obvious that a, j3, 7 are the angles 
which the radius to P makes with the radii to -4, jB, C, and 
if any two of these be known, the direction of the radius to 
P is determined ; thus, any one of the direction cosines 
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of a point is determined by the other two, and therefore 
a relation exists among them. This relation we proceed 
to determine. 






Fig. 47. 

128. Relation connecting the Direction Co- 
sines of a Point. — The sum of the squares of the direction 
cosines of any point is equal to unity. 

Let a, /3, 7 be the direction angles of any poiat P 

(fig. 47). Since the triangle APC is quadrantal, we 

have 

cos a = sin 7 cos ACP, 

and cos j3 = sin 7 cos £CP (from triangle BCP). 

But ACP and BCP are complementary ; hence, 
squaring and adding the above equations, we have 

cos* a + cos*/3 = sin* 7. 
Therefore cos* a + cos* /3 + cos* 7 - 1.* 

* This relation merely asserts that the square of the diagonal of a rectan- 
gular parallelepiped is equal to the sum of the squares of its three edges ; 
the diagonal in this case heing the radius to P, and the edges the perpendi- 
culars from P on the planes of the sides of the triangle ASC, The ex- 
pression given in Art. 129 for cos 5 may he easily deduced from the same 
principle. 
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Cor, — If Xy y, z be the perpendiculars from any point 
on the sides of a tri-quadrantal triangle ; then 

sin- a? f sin*^ + sin^s = 1. 

129. Angular Distance between two Points. — 

Saving given the direction angles of two points, to find the 
angular distance between them. 

Let a, j3, 7 ; a', j3', y be the direction angles of two 
points P, JP' (fig. 48), and S the angular distance between 




B 



Fig. 48. 

them. From the triangle PAP" we have 

cos S = cos a cos a + sin a sin a cos PAP". (1) 

But cos PAP' = cos {PAD - P'AB) . 

Now cos /3 = sin a cos PAD, cos /3' = sin a cos P'AB ; 
also cos y = sin a sin PAD, since PAD = 90"" - PAC; 
and cos y = sin a sin rAB, since rAB^ 90°- FA C. 
From these equations we find 

cos PAr = <^QQ 3 QQ» 3' + OPS y oos 7' ^ 

sin a sin a ' 

which, when substituted in (1), gives us 

cos 8 = cos a cos a + cos /3 cos /3' + cos 7 cos 7'. (2) 
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In this equation S is the angle between the radii to P 
and P', and a, /3, 7 ; a', j3', y the angles these radii make with 
the radii to A, By C. Hence the above equation gives the 
angle between any two lines in terms of the angles they make 
toith three fixed rectangular axes. 

Cor. — If x,y,z] x\ y\ z' be the perpendiculars from any 
two points on the sides of a tri-quadrantal triangle, S, the 
angular distance between them is given by the equation 

cos 8 = sin a? sin 0^ + sin y sin ^ + sin z sin z\ 

Example. 

If the angular distances of a point, P, from the vertices -4, By C, of a 
tri-quadrantal triangle be ^, 17, f, and if the direction angles of P, -4, P, C, 
referred to any other tri-quadrantal triangle, be a, 3) 7 ; «i> /3i, 71 J «8> /3a» 72 ; 
«8j iSa, 73, respectively ; prove that 

cos I = cos a cos a\ + cos ^ cos /3i + cos 7 cos 71 . 
cos 7; = cos a cos aa + cos jB cos iSa + cos 7 cos 7x. 
cos f = cos a cos 03 + cos 3 cos /Bs + cos 7 cos 73. 

cos a = cos f cos 01 + cos 77 cos 02 + cos f cos oa* 
cos /3 = cos I cos iSi + cos ri cos ^82 + cos f cos^Ss- 
cos 7 = cos I cos 7i + cos Tj cos 72 + cos f cos 73. 

These equations enable us to determine the direction angles of any point 
with reference to one triangle when its direction angles, with reference to 
the other, are known, the relative position of one triangle with respect to 
the other being also known. 

130. Hxpression for sin S. — To find the sine of the 
angle between any two lines in terms of the angles they make 
with three fixed rectangular axes. 

By the foregoing Article we have 

008^ S = 2 cos^ a cos^ a' + 2S cos /3 cos j3' cos 7 cos 7'. 
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Using the relation 

cos* a + cos* /3' + cos' y = 1, 

this transforms into 

cos* S = S cos* a (1 - cos* 3' - cos* 7') 

+ 2S cos/3 cos/3' cos 7 cos 7' 

= cos* a + cos* /3 + cos* 7 - 2 (cos j3 cos 7'- cos /3' cos 7)^* 
= 1-2 (cos /3 cos 7'- cos /3' cos 7)*. 

Therefore 

sin* 8 = S (cos /3 cos 7' - cos /3' cos 7)*. 

This expression may also be obtained directly from the 
identical relation 

{be'- b'cY + {cd- c'ay + (aV- a'bf 
= (a* + ^* + c*) («'* + ft'* + c'*) - (aa'+ J6'+ cc')* ; 

obtained by squaring the array 

a b c ) 
a' V c]' 

131. Direction Cosines of the Pole of the Are 
Joining two Points. — Let ai, /3i, 71, 02, jSz, 72 be the 
direction angles of two points; a, j3, 7 the direction angles 
of the pole of the arc joining them. Then since the arcs 
joining a/37 ^^ t^® other points are each 90°, we have, by 
Art. 129, 

cosa cosai + cos/3 dos/3i + COS7 COS71 = ; 
and ^ 

COS a cos ai + COS /3 cos'^2 + cos 7 cos 72 = 0. 

\ 
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Hence 



cos a 



COS fix COS 72 - COS 71 COS /3s 



cos/3 



COS 71 COS 03 - COS Oi COS 72 

COS 7 

COS Oi COS /J2 - COS /3i COS 02 



4 



cos^ a + COS* /3 + COS* 7 



S (cos /3i COS72 - COS71 COS j32)^ sin 8' 
where 8 is the angular distance between the given points. 

Therefore 

cos a sin 8 = cos /3i cos 72 - cos 71 cos/32, 
cos /3 sin 8 = cos 71 cos a2 - cos ai cos 72, 
cos 7 sin 8 = cos oi cos /32 - cos /3i cos 02. 

132. Relation among tbe Six Axen of Connection 
of Four Points on a i^phere. — Let the direction angles 
of the points 1, 2, 3, 4, be oi, jSi, 71 ; 02, 182, 72, &c. Then 
if we perform the multiplication 



cosai cos^Si cos 71 

cosa2 cosi32 cos 72 

008 03 COSiSt COS 73 

COS 04 cosiSi COS 74 



COS 01 COS /81 COS 71 

COS ai COS P2 COS 72 

COS fits COS iSs COS 73 

COS 04 COS ;34 COS 74 



the product will obviously be zero, since each of these 
determinants is zero ; and observing that 

cos* a + cos' /3 + cos' 7 = 1, 

and cos ai cos 02 + cos jSi cos ^2 + cos 71 cos 72 = cos 12, 
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where 12 represents the are joining the points 1 and 2, 
we have 



1 cos 12 COS 13 cos 14 



cos 21 



cos 31 cos 32 



cos 23 cos 24 



cos 34 



cos 41 cos 42 cos 43 1 



= 0, 



which is the required relation in a determinant form. 

It is clear from what has been said in Art. 129, that this 
is the relation connecting the angles which four lines in 
space make with three fixed rectangular axes, the lines 
being parallel to the radii to the points 1, 2, 3, 4. This 
relation may be obtained directly, though not in a deter- 
minant form, by taking the point 4 inside the triangle 
formed by the points 1, 2, 3, and observing that if the 
connectors of 1, 2, 3 subtend angles A, JB, Cat 4, then 
^ + J5 + (7 = 27r, and 

1 - cos'^ - cos'J5 - ooa^C + 2 cos ^ cos 5 cos (7=0. 

Substituting in this equation the values of cos -4, &c., in 
terms of the arcs joining the points, and reducing, we 
obtain 

+ 2abafi - 2abc - 2aj3y - 2bya - 2ca(i = 1, 

where a, b, c ; a, j3, y are taken, for the sake of brevity, to 
represent the cosines of the six arcs in question. 
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Examples. 

I. To find a relation connecting the sides of a triangle with the perpen- 
diculars a?, y, 2, let fall on them from any point on the sphere. 

[If a, j3, 7 he the angular distances of any point F on the sphere from the 
vertices of a triangle ABC^ the foregoing determinant hecomes 



cose 

cos b cos a 



cos e cos b cos a 
1 cos a cos i8 
1 cos 7 



cos a 008)3 cos 7 1 



0. 



= 0, 



This applied to the polar triangle, the sides of which are ir - -4, ir - 2?, 
IT - C7, hecomes 

— 1 cos C cos B sin a? 

cos C —1 cos^ siny 

C0SJ9 cos -4 —1 sin a 

sin a; sin y sin 2 - 1 

since the cosine of the angular distance of any point from a vertex of the 
polar triangle is equal to the sine of the perpendicular from that point on 
the corresponding side of the original triangle. 

The coefficient of sin^ x in this determinant is sin'*-^, and the coefficient of 
sin y sin 2 is 2 (cos A + cos B cos C) = 2 sin ^ sin (7 cos a. 

Hence, on expanding the determinant, we find 

-1 cosC cos 5 
36sin*-4sin*iC + 258inJ5sinC7cosasiny8ina; = — '• cosC —1 cos-4 =4iV^. 



cos C — 1 cos-4 
cos J? cos^ —1 



Dividing across hy iV^, and noting that 

sin A sin a 



N 



n 



, &c., 



we ohtain 

^ sin'* a sin^ a; + 25 sin b sin c cos a sin y sin z = 4#t^, 

which reduces in piano to 

ox + hy -f « = 2A.] 
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2. Find the angular radius of the circle cutting three small circles ortho- 
gonally in terms of their angular radii, ri, r^y rz, and the angular distances, 
0, b, Cy between their poles. 

[Let a, fi, 7 be the angular distances of the pole of the orthogonal circle 
from the poles of the given circles. Then, if /> be the unknown radius, 

cos a = cos p cos ri, cos /3 » cos p cos rj, cos y = cos p cos rz. 

Therefore 

1 cos c cos b cos a 1 cos c cos b 

c.Q%e 1 cos a cos/3 

cosd cosa 1 cosy 

cosa C08/3 cos 7 1 

which determines seep, as required]. 

3. Show that the arcs joining n points, 1, 2, 3, . . . n, on a sphere, are 
connected by the determinant relation 

1 cos 12 cos 13 . . cos In ^ 



= = 



co%c 
cose 1 
COS b cos a 



cosri 
COS a cos n 
1 cosrs 



cosri cosr2 cosrs sec^p 



cos 21 



1 



cos 23 



cos 31 cos 32 



cos 2n 



cos '6n 



= 0, 



cos n\ cos n2 cosn3 

where 12, &c., denote the arcs joining the points 1, 2, &c. 

[This relation is obtained in exactly the same manner as the relation 
among the connectors of four points was obtained in the foregoing Article.] 

4. If be any point on the sphere, and ni, n%, nz the functions of the 
sides of the triangles BOG^ CO A, AOB, corresponding to the function n of 
the triangle ABC, show that 

fj* = «i« + wa' + «3' + 2n%nz cos a + 2nzni cos b + 2«i«2 cos e, 

[We have, sin a sin a; = 2ni, sin 6 sin ^ = 2n2, sin (; sin e = 2»3 ; there- 
fore, &c. by Ex. 1.] 

133. Expression for cos S witb reference to any 

Triangle. — In this Article we propose to find an expres- 
sion for the angular distances S, between two points P, P', 



Expression for cos 8 with reference to any Triangle. 79 



in terms of the angular distances of those points from the 
vertices of any given triangle ABC and the sides of that 
triangle. 

Let the direction angles of A^ -B, (7, the vertices of the 
given triangle, be oi, /3i, 71 ; oa, jSz 72 ; as, ^3, 73 ; and £, »?, J ; 
$', ri% Z% those of the two arbitrary points P, P', respec- 
tively. Then, by multiplication of determinants, we have 



cosai cos/3i cos 71 

C08a2 cosi32 cos 72 

008 03 COSiBs COS 73 

COS I' cosV cosf 



cosai cos/Si cos 71 

C0Sa2 008)02 COS 72 

cos OS COS 33 COS 71 

COS ( COS 1} COS ^ 



1 cost? cmb cosa 

cose 1 cosa cos 3 

coab COS0 1 cos 7 

cosa' cos/S' cos 7' cos 9 



= 0, 



where a, /3, 7 ; a , /3', y are the angular distances of the 
points in question from the vertices of the given triangle 
ABC. Expanding this determinant, we find 



4n* cos 8 = 



1 cos e , cos b cos a 
cose 1 cosa cos 3 
cos 6 cosa 1 cos 7 
cosa' cosiS' cos 7 
= 2 cos a cos o' sin^a + 2 (cos ^ cos y + cos /3' cos 7) sin i sin <? cos -4.» 

* This expression for cos $ may also be obtained from the equation 
^2 == /p* + y* -I- a' + 2yz cos a + 2 cos zx cos b + 2 xy cos c, 

which gives the diagonal doi & parallelepiped in terms of its edges, x, y, s, 
and their mutual inclinations, a, ft, c. (See Chap. XV.) 
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Direction Angks and Direction Cosines. 



This equation gives the angle between two lines in 
terms of the angles which they make with three fixed 
oblique axes (radii to Ay jB, C)^ and the angles a, 6, c, 
between those axes. It obviously reduces to the deter- 
minant relation of Art. 132, when the two points co- 
incide, for then 8 = 0, and cos 8 = 1. 



Examples. 

1. Express the cosine of the angular distance between the poles of the 
in-circle and circumcircle of a triangle in terms of the sides of the triangle, 
and also in terms of the angular radii of the circles. (Cf . Art. 86.) 

2. If 0ij $2t 03 - . • 0n ; Bif $2, » . . 9n he the angular distances of 
two points, Ft -P, from n fixed points, 1, 2, 3, . . . « on the surface of a 
sphere, show that 
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= 0. 



[Let ai, iSi, 71 ; a2» iSz, 72 ; • . • on, jSn, jn, he the direction angles of the 
fixed points ; {, r;, f ; |', 77', f, those of P and F", and proceed as in the fore- 
going Article, noticing that the coefficient of cos FF' vanishes by Art. 132, 
£x. 3 ; and therefore zero may he substituted instead of cos FF\ as above.] 

134. Problem. — If Ai, -^2, A^, . . . An be any number 
of fixed points on the surface of a sphere, to find the locus of a 
point 0, such that 

li cos 0-4 1 + h cos OAi + h cos 0-48 +... + /„ cos OAn = const. 
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Let a, /3, 7 be the direction angles of 0; ai, /3i, 71, 
flay P2y 72> &c., the direction angles of Aiy ^2, &c., with 
respect to a tri-quadrantal triangle ABC; we have 

/i cos 0^1 = h (cos a cos ai + cos j3 cos /3i + cos 7 cos 71), 

4 cos 0-^2 = I2 (cos a cos as + cos j3 cos /32 + cos 7 cos 7a) . 



lnOOsOAn= /«(COSO C0Sa« + C0S/3 COS j3n + OOS7 00S7n). 

Therefore, by addition, 

2/1 cos OAi = cos a2/i cos oi + cos /J2/i cos /3i + cos 72/1 cos 71 

= i cos a + Jf cos j3 + iV cos 7 = iT, (1) 

where X, Jf, N are known quantities, being 2/i oosai 
2/1 cos /3i, 2/1 cos 71, respectively. 

Now, if we find a point P, such that its direction co- 
sines are 

^, |, g (where (y'-i^ + if' + iV^^); 
then, by Art. 129, 

008 OP = rj (i cos a + if cos j3 + iVoos 7). 

Therefore, by (1), 

2A cos OAi = G^ cos OP = iT. 

This determines cos OP^ jE'and O being given quantities ; 
and as P is a fixed point, the locus of is a small circle 

FART u. 6 
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round P as pole, the angular radius of the circle heing 
given by the equation 

cos OP = 77. 

Cor. 1. — If -K'= 0, the locus of is a great circle. 
Cor. 2. — Supposing to coincide with Ay JB, C succes- 
sively, we have 

]S/i cos^^i = i, 

2/1 cos £Ai = My 

2/1 cos CAi = iV^ 

[This follows at once from (1)J 

Cor. 3. — The point P is such that the sum of the cosines 
of its angular distances from Aiy Aty A^ &c., is a maxi- 
mum. 

[For in this case cos OP is unity, since coincides with 
P, and therefore SA cosP-4i = O. The diametrically 
opposite point gives a minimum value of sum of cosines.] 

Hence, generally — If the cosines of the angular distances 
of a point P from any number of fixed points are connected 
by a linear relation, the point is constrained to move on a circle. 
And, in particular — If the cosines of the angular distances 
of a point from the vertices of a triangle are connected by a 
linear relation, the locus of the point is a circle. Or, what is 
the same thing — If the sines of the angular distances of a 
point from the sides of a fixed triangle {or from any number 
of fixed arcs) are connected by a linear relation, the hcus of 
the point is a circle; the sides of the triangle (or fixed arcs) 
in this case being the polars of the fixed points in the pre- 
ceding. 



Examples. 
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Example. 

If a circle cut three given small circles at equal angles (a), the locus of 
its pole is a great circle. 

Let 81, 82, 83 be the angular distances of the poles of the fixed circles from 
the pole of the variable circle ; ri, rz, rz the angular radii of the former, 
■and p that of the latter. Then 

cos $1 = cos p cos t'l + sin p sin ri cos a; 

also cos 82 = cos p cos r2 + sin p sin Vi cos a, 

and cos 83 = cos p cos rs + sin p sin rs cos a. 

Eliminating cos p and sin p cos a, we obtain 

cos 81 cos 82 cos 83 

cos ri cos r2 cos rs = ; 

sin ri sin rz sin rs 

or cos 81 sin (r2 — rs) + cos 82 sin (rs — n) + cos 83 sin {n — rz) = 0, which is 
a linear relation connecting cos 81, cos 82, cos 83, in which the absolute term 
is zero, and therefore the pole describes a great circle (Cor. 1). 



Miscellaneous Examples. 

1. If oiiSi7i, 02)8272, 03)8373 be the direction angles of the vertices of a 
triangle ABC, prove that 

cosai cos)8i cos 71 

cos 02 COS/82 COS 72 = 2n. 

cos 03 cos iSs COS 73 

[Square this determinant, and apply the relations 

cos oi cos 02 + cos fii cos /52 + cos 71 cos 72 = cos 12 = cos e, &c., 
:and we obtain the determinant of footnote, Art. 30.] 

2. If AJBChe a tri-quadrantal triangle, prove that, using the notation of 
the previous Example, 

cos oi cos fii cos 71 



cos 02 cos i32 cos 72 

cos 03 cos i33 COS 73 



= 1. 
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3. In the same case proye that 

cosoi — 1 cosjSi cos 71 ' 

cos az cos /Sz - 1 cos 72 1 = 0. 

cos as cos/Ss cos 79— 1 I 

[If A denote this determinant, and A' the determinant of Ex. 2, we have 
A = AA\ which, hy the multiplication of the determinants, reduces to - A ; 
therefore, &c.] 

4. Apply the relation of Art. 132 to determine the radius of a sphere cir- 
cumscrihing a given tetrahedron in terms of its edges. 

[The edge joining the points 1, 2 is equal to 2i2 sin} (12). But cos 12 = 1 

- 2 «a?\ (12) ; therefore, &c.] 

6. If A\, A%f ^39 &c., he fixed points, of which the direction angles are 
ai/3i7i, 02/3272, &c., and if be a point having direction angles a, /3,7, show 
that 

2 h cos^ OAi = A cos^ a + B cos' fi ■{■ C cos' 7 + 2^*008 /3 cos 7 

+ 26^ cos 7 COB a -I- 2^ 008 a cos 3, 

where 

A = til cos* ai, B = 2 h cos' jBi, C= X h cos' 71, Fs= j /j cos 0i oos 71, &c. 

[We have h cos' OAi = h (cos acosai + co6/3cofli3i + c087Coe 71)'. 
Writing down the other terms, and adding, we find the above.] 

6. In the same case, if and (/ be any two fixed points, ahow that 
5/1 cos OAi COS (TAi = Aw' + B/t/i + Ov' + jP (/*k' + fip) + Q (wK' + vK) 

where A/iv, \'/ip' are the direction cosines of and 0\ 

7. By properly choosing the triangle of reference, the results of Examples 
6 and 7 reduce respectively to 

A\^ + P/i» + (V, 
and Aw' + JBfi/i + Cv/. 

8. If a sphere be described round a regular polyhedron, prove that the 
gum of the cosines of the arcs joining any point on the sphere to the 
vertices of the polyhedron is zero. 
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9. A and JB are fixed points on a sphere ; Pany point on the surface; show 
that a fixed point C can always he found in AB^ or AB produced, such that 

IcosAF + m COB BF= n cos CF, 

where /, m, n are constants. (Cf . Art. 40.) 

10. If a, /3, y, 8 he the arcs joining a point F to four fixed points on a 
^here, find the locus of P when 

cos a + cos jB + cos 7 + cos 8 = const., 

.and determine when the locus hecomes impossihle. 

{London Univ. Exam, Fapen.) 

11. If A, /i, y denote the perpendiculars from the vertices of any tri- 
•quadrantal triangle on a transversal to the sides ; prove the relation 

sin' X + sin' fi + sin' f = 1 ; 

«nd hence show (see Art. 130) that 

sin' 8 = 2 (cos ^3 cos y — cos 0' cos 7)'. 

[Let PP (fig. 48) he the transversal, and let it meet the sides of the 
triangle in the points X, F, and Z. Then sin X » sin AZ sin Z and 
«in /li s= sin BZ sin Z. Squaring, and adding these equations, 

sin' X + sin' fi = sin' Z= cos' y ; 
therefore sin' x + sin' fi + sin' v =» 1 . 

Again, applying the relation given in Misc. Ex. 24, of Chap. iii. to the 
quadrilateral ^i^PP' (fig. 48), 

COS a cos fi' — cos a cos /3 - sin 8 sin AB cos Z = sin 8 sin y. 
Hence 

ZS (cos a cos fi' - cos a cos fi)^ = sin' 8 (sin' X + sin' fi + sin' y) = sin' 8.] 
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CHAPTER XI. 

THEORY OF ANHARMONIC AND HARMONIC SECTION. 

135. Anharmonlc Ratio. — When four points^ 
-4, -B, C, 2), lie on a great circle they are connected by 
the relation 

sin jBC sin ad + sin CA sin BD + sin AB sin CD = 0. 

Let the left member of this equation be divided in 
turn by each of its three terms, and it will be seen 
that there are thus six fractions formed, in pairs, the 
reciprocals of one another. Thus if A, /u, v denote one 

triad, the remaining triad may be denoted by ^, -, -. 

Moreover, it will be seen, by writing at length the 
equations after each process of division, that A, /u, v are 
further connected by the equations 

1 1 1 > 1 

A fl V 

Therefore, if any one of the six ratios be given, all the 
others are completely determined. 

Definitions. — Such a system of points is called a 
Spherical Bow; and the system of arcs of great circles 
joining A, By (7, D to any point on the sphere is a 
Spherical Pencily or a Pencil. Each axe of the pencil is 
termed a Bai/, 

The functions A, ju, v, r-, — , - are the six Anharmonic 

A fl V 

Ratios of the row of points Ay B,Cy D; but on account of 
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one of them completely determining the remaining five, 
we shall in future deal with one as the Anharmonic Ratio 
of the row. 

T- , sin 5(7 sin ^D , ,, . • i.- ^ 

JLet -; — TTr~' — 7ri\ represent the anharmonic ratio of 
sm AB sm CD ^ 

the row of points -4, JB, C, D, then similarly the func- 

,. sinjBOCsin^Oi) , ^ i_ ^ ^ ^, 

tion —. — . „^ . — 777T7. niay be taken to represent the an- 
sm AOB sm COD "^ ^ 

harmonic ratio of the pencil formed by joining to the 

points. 

The student will notice that the anharmonic ratio of a 
spherical row is equal to that of the plane pencil formed 
by joining the points to the centre of the sphere.* 

We shall usually denote the pencil joining any point O 
to any other four points, Ay B, C, D, by O.ABCDy and the 
row by {ABCD). 

136. Harmonic i^ectlon. — If the anharmonic ratio 
of a row (or pencil) be equal to unity, the row (or pencil) 
is said to be harmonic. 



* The six anharmonic ratios may be further expressed as the trigono- 
metrical functions of an angle, thus : — Upon the segments ACsiud BD, as 
diameters, describe small circles, and join the pules ^ and iVof these circles 
to either point of intersection 0. Apply the relations of Art. 36, (5), (6), (7) 

J. XT- 1 ,^^ 1.T o 1 x» sin i BC sin i AD _ ^ x_ • i 

to the angle MON. e.g. cos^ \0= - — : ^ , . — ~=r^. Hence, for a triangle 

^ BUi^CA sin J BD 

of sides double those of MON, and vertical angle 0, the anharmonic ratios 

will be found to be 

sin- J e, cos^ \9, -^ tan* J d, cosec* J d, sec* i 0, - cot* \ B. 

(See Cremona's Projective Geometric, Art. 72 (V.) ; 
Casey's Conies, p. 66, Ex. 32.) 
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In this case we obyiouslj have 

sin AB _ sin AD ^ 
^^TBG' sin DC' 

that is, the ratio of the sines of the segments into which 
B divides AC ib the same as the ratio of the sines of the 
segments into which D divides it. B dividing AC ia- 
temaUy, and D dividing it externally, we shall say that token 
two points f B and Df divide an arc AC harmonically ^ they 
cut the arc internally and externally in the same ratio of nines. 

137. Tbeorem. — The anharmonic ratio of a spherical 
pencil is the same as the anharmonic ratio of the four points 
in which any transversal great circle meets it. 

Let a great circle meet a pencil drawn from (fig. 49) 




Bod 

Fig. 49. 

in points -4, B, C^ D; then if p be the perpendicular 
from on ADy we have, from the triangle AOBy 

sin OA sin OB sin A OB = sin -45 sin p. (1) 

Similarly, sin OC sin OD sin COD = sin CD sin p. (2) 

Also sin OB sin OC sin BOC = sin BC sin p ; (3) 

and sin OA sin OD sin A OD = sin ^Z> sin p. (4) 

Dividing the product of (3) and (4) by the product of 
(1) and (2), we find 

sin BOC sin AOD sin BC sin AD 
sin AOB sin COD " sin AB sin CD 
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Hence the anhavmonic ratio of the four points in which any 
transversal great circle meets a fixed pencil of four arcs is 
constant y and equal to the anharmonic ratio of the pencil. 

Cor. 1. — A hannonio pencil cuts any great circle in a 
harmonic row. 

Cor 2. — If two pencils intersect in four points on a 
great circle, their anharmonic ratios are equal. 

Cor. 3. — If the angles contained by corresponding rays 
of two pencils be equal, the anharmonic ratios of the 
pencils are equal. 

Remark, — By the application of the above method we 
may establish the following more general Theorem : — // 
in a figure on a sphere we have a function consisting of the 
product of the sines of one set of arcs divided by the product 
of the sines of another set of arcs, each arc of one set being 
part of the same great circle with one of the other sety and the 
whole system of extremities of arcs being the same for both 
sets ; then the function will remain unaltered in valuCy if in 
place of the arcs we substitute the angles they subtend at any 
point on the sphere. 

Cor. 4. — If from any point on the sphere perpendiculars 
be drawn to the rays of a given pencil, they form a pencil 
equianharmonic with the given one. 

[For the perpendiculars pass through the poles of the 
rays of the given pencil, but the poles are concyclic, and 
form a row equianharmonic with the given pencil.] 

138. TFhen three points of a spherical row are given^ 
along with its anharmonic ratio^ the fourth point is deter- 
mined if its relative position be also known {that is between 
which successive pair of points it lies). For the problem is 
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reducible to the following : — GKven the sum or difference 
of two angles, and the ratio of their sines ; find the angles. 
Since the ratio of sines is known, we know the ratio 
tan (half sum) : tan (half difference), which, with the 
given sum or difference, determines the angles. 

In the same manner it follows, that if three rays of a 
npherical pencil be given, the fourth is determined if the an- 
harmonic ratio of the pencil and the relative position of the 
fourth ray be knotcn. 

Cor. 1. — Three rays of a harmonic pencil (or points of 
ft harmonic row) determine it (the relative position of the 
fourth being known). 

Cor. 2. — If two pencils have a common vertex and 
equal anharmonic ratios, and be such that three rays of 
one are the production of three rays of the other ; then 
the fourth ray of the former will be the production of the 
fourth ray of the latter (or coincide with it). 

139. — Theorem. — If two equianharmonic pencils have a 
common ray, the intersections of the remaining three correspond- 
ing pairs are concyclic. 




Let Off (fig. 50) be the common ray, and suppose B, C, 
D to be the intersections of the corresponding rays. Let 
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BD meet OC and (/C in (7' and (7', respectively. Then^ 

by hypothesis, 

{ABC'D) = (ABC'D). 

But by the foregoing Article this is impossible, unless C 
coincides with C'\ Therefore DB passes through C, 

Cor. — If Ay B,C] A\ B\ C\ be two triads of points on 
two great circles intersecting at 0, and if the anharmonic 
ratio of the rows (OABC), and {OA'B'C) be equal, the 
arcs AA\ BB", CC will be concurrent. [For, join to 
the intersection of AA' and BB" ; then the arc from this 
point to C must pass through C if the condition of the 
problem holds.] 

We apply this result to the following theorem. 

140. Triangles in Perspective, or Copolar Tri-^ 
angles. — If trco spherical Mangles be stick that the arcs 
Joining corresponding vertices meet in a point* the intersec- 
tions of corresponding sides mil lie on a great circle.^ 

Let ABC and A'ffC (fig. 51) be the triangles, the- 

p 




Fig. 61. 



* Called the centre of perspective, or pole of the triangles. 

t Called the axis of perspective, or axis of homology of the triangles. 



I 
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point of intersection of ares joining corresponding yertioeB, 
P the intersection of BC and B'C. 

Then . PCMB = A . PCMB, 

and O.PCMB = O.PCNff = A'.PCfNff. 

Therefore A . PCA'B = A' . PCTAff. 

The ray AA' is common to both these pencils, and there- 
fore the intersections of their corresponding rays, -4P, A'P ; 
ACy -4'C'; AB, A'B^ lie on a great circle ; therefore, &c. 

Cor. — If two triangles be such that the intersections of 
oorresponding sides are concyclic ; then the arcs joining 
•corresponding vertices will be concurrent. 

141. The student may observe that the proof of the 
proposition of the foregoing Article is identical with that 
^ven for plane triangles in perspective, and this remark 
may be applied to much that has gone before. Hence the 
following propositions will present no difficulty once the 
oorresponding theorems in piano have been mastered (see 
Oasey's Sequel^ Book VI.). 

(1) When three triangles are two hy two in perspective y 
and have the same axis of perspective ^ their three centres of 
perspective are concyclic. 

(2) When three triangles are two hy two in perspective^ 
and have the same centre of perspective^ their three axes of 
perspective are concurrent. 

142. Harmonic Properties of a Spherical Tri- 
angle. — In the fig. of Art. 125, we have three arcs, AA\ 
Bffy CC\ drawn through the vertices of a spherical triangle, 
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and intersecting in a point 0, and we found there that the 
arcs A'B^^ B'C\ CA meet the opposite sides in points A\ 
-B", C", which divide them externally in the same ratio of 
sines, as -4', -B', Cf divide them internally. Hence the^ 
rows 

(BCAA\ [CAB'B'\ [ABCC) 

are each harmonic, and therefore also the pencils 
A.BGAA\ B. OABB\ CABCCT^ 
are each harmonic. 

ft 

143. Harmonic Properties of a Complete liaa» 
drilateral. — The same figure is easily seen to be a com- 
plete quadrilateral, of which AAy BBy CC are the three 
diagonals. 

Hence, since C .ACfBC is harmonic, it follows that a 
pair of opposite sides of a complete quadrilateral form a 
harmonic pencil with the third diagonal, and the arc join- 
ing their intersection to the intersection of the other two 
diagonals. Also — The two diagonals of a complete qtuidri^ 
lateral form a harmonic pencil with the arcs joining their in- 
tersection to the extremities of the third. 

144. If ABC D he a harmonic row^ 

tan ABj tan ^C7, tan AD^ 

or the tangents of the arcs measured from A, are in harmonic 
eal progression. 

For 

sin BC sin AD ^ sin AB sin CD ; 

or 

sin {AC - AB) sin AD = sin AB sin {AD -AC). 



94 Theory of Anharmonic and Harmonic Section, 

Dividing across by 

sin AB sin AC sin AD^ 
we get 

cot AB - cot -4 C = cot -4(7 - cot AD, 

Therefore 

cot AB + cot AD ^2 cot AC ; 

that is, the cotangents of the arcs are in arithmetical pro- 
gression, and hence their tangents are in harmonic. 

145. If[ABCD) be a harmonic row, and if either of the 
mean arcs AC or BD he bisected; the tangents of the arcSy 
measured from the point of bisection to the other points of 
section of the great circky are in geometric progression. 

For, let M be the middle point of AC. Then 

sin AB __ sin AD 
sm^^smCD* 
Therefore 

sin AB - sin BC sin AD - sin CD 



■or, 



or. 



sin AB + sin BC sin AD + sin CD ' 



tan I {AB - BC) tAn^(AD-CD) 
tan i {AB + BC) " tan i {AD^ CD) ' 



tan BM tan CM 



tan CM tan DM 

Therefore 

tan BM tan DM = tan^ CM, 

Otherwise thus — Let (^^CD) be a harmonic row on a great circle. Draw 
41 tangent to it at At and produce the radii to B, C, 2), to meet the tangent in 
J9', CT, 2/., Then the pencil . ABCD is a harmonic pencil, and therefore 
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{AB'CJ)') is a liarmonic row, being the centre of the sphere. If we take 
the radius of the sphere as unity, we will have Ab*, AC, Alf equal to 
tan ^^, tan AC, tan AJD, respectively ; hut since AB'CIf is a harmonic 
row, AB', A Cy AD' are in harmonic progression ; therefore tan AB, tan AC, 
tan AD are in harmonic progression. 

Again, if Jf be the middle point of A C, and if a tangent be drawn at it 
to meet the pencil . ABCD in A!' B" G" D" ; then this latter row will be 
harmonic, and M will be the middle point oi A" C" . Therefore 

B"M.D"M^(C"Mf; 
or 

tan BM. tan DM = tan* CM, 



Examples. 

1. Tiie internal and external bisectors of an angle of a triangle form a 
haimonic pencil with the sides containing the angle ; and, conversely, if a 
pair of rays of a harmonic pencH are at right angles, they will bisect in- 
ternally and externally the angle between the other two rays. 

2. Hence show that the arc joining the middle points of any pair of sides 
of a triangle meets the third side at 90'' from its middle point. 

[The radii to the extremities of any side, its middle point, and the point 
where the arc in question meets it, form a plane harmonic pencil, and one 
pair bisects internally and externally the angle between the other pair.] 

Note. — By referring to fig. 46, we see that MA' and C be the middle points 
of the sides, A' A" and C' C will be quadrants; but in this case B' will be the 
middle point oi AC\ and therefore B'B" will also be a quadrant. Hence, 
by considering the quadrilateral C'A'C"A'\ we find that if two diagonal, 
A' A" and CO", of a quadrilateral he qttadrants, the third diagonal, B'B" 
will also be a quadrant. 

3. Given in magnitude and position the bases AB and A'B' of two tii- 
Angles ; if the vertex of each moves on the base of the other, the arc joimng 
the intersections of corresponding sides passes through a fixed point. 

[Let ^^and A'B' be the fixed bases, 0, the intersection of AB* and A'B, 
is a fixed point. Then we have 

0. CA'MA = A'. FBCA, 
O.CBNB' =B^.PBCA. 
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Therefore O.CA'MA = . CBNB'; 

and as three of the rays of one of these pencils are the productions of three 
of the rays of the other, the fourth rays, OM and ON, must he parts of the 
same great circle. Therefore MON is a great circle. That is, ifiV passes 
through a fixed point 0. 




Similarly, the are joining the intersections of non-corresponding side» 
passes through a' fixed point, viz., the intersection of AA' and BB'.'} 

[Note. — This is a particular case of Pascal's Theorem.] 

4. Hence show that if a quadrilateral he divided into two others hy an 
are of a great circle drawn across it, the arc joining the intersection of the 
diagonals of one of these quadrilaterals to the intersection of the diagonals 
of the other passes through the Intersection of the diagonals of the original 
quadrilateral. 

5. If the vertices of a variable triangle move on three fixed great circles^ 
and if two of the sides pass through two fixed points, concyclic with the 
intersection of the great circles on which the opposite vertices move, show 
that the third side also passes through a fixed point.* 

[In the fig. of Ex. 3 consider all the arcs fixed except A'C, B'C, OC, and 
MN. Then the triangle MNC* obviously satisfies the problem.] 

6. If the sides of a variable triangle pass through three fixed points, and 
if two of the vertices move on two great circles, the intersection of which 
lies on the great circle joining the points through which the opposite sides- 
pass, the locus of the third vertex is a great circle.* 

(See fig, of £x. 3.) 



• One of two. 
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7. If the sides of a yariable triangle pass through three fixed concyclic 
points, and if two of the vertices move on two given great circles, the locu» 
of the third vertex will be a great circle* passing through the intersection 
of the given circles. 

Take any three positions of the triangle, then it is easily seen that we 
have three pencils, one from each of the fixed points, having a common ray, 
and equal anharmonic ratios. These pencils intersect on the two given 
circles and on the locus of the third vertex, which, by Art. 139, is a great 
circle, as in question.] 

8. If the three vertices of a triangle move on three concurrent great 
circles, and if two of the sides pass through two given points, the third side 
will pass through* a fixed point concyclic with the given ones. 

9. Given in position a pair of opposite sides of a quadriLateral, and the 
point of intersection of the other paii* ; find the locus of the intersection of 
the diagonals. 

Ans. A great circle — ^the harmonic conjugate of the third 
diagonal with respect to the pair of given sides. 

10. If from the extremities of the base of a spherical triangle arcs be 
drawn so as to intersect on the perpendicular to the base from the opposite 
vertex, the arcs joining the foot of the perpendicular to their intei'sections 
with the opposite sides are equally inclined to the sides. 

[Referring to fig. 46, Art. 125, the pencil C B"GB'A is harmonic ; and 
if the pair of rays (f C and C'A are at right angles, the rays C'B' and C'B'* 
will bisect the angle between them internally and externally.] 

Kenee the pedal triangle of a spherieal triangle is such that itf sides are 
equally inclined to the sides of the original triangle;f and therefore, as in 
piano, its perimeter is less than the perimeter of any other triangle which can 
be inscribed in the given one. 

11. If a great circle revolve round a fixed point 0, and cut two given 
great ciixdes in points A and £, find tlie locus of a point JP on the revolving 
circle such that 

cot OA + cot OB = 2 cot OP, 

Ans. A great circle passing through their intersection 
and the harmonic conjugate, with respect to 
them, of the arc joining to their intersection. 

* One of two. 

t See also fig. 34, where ABCh the pedal triangle of 0x020^, 

FABT II. H 
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12. If a great circle revolve round a fixed point 0, and cut any number 
of fixed great circles in points A\y A2, ^3, . . . find the locus of a point P 
on the revolving circle such that 

cot 0P= cot OAi + cot OA2 + cot OA3 4- . . ., &c. 

[By successive applications of Ex. 11^ the locus is easily seen to be a 
great circle.] 

13. Describe a triangle having its vertices on three given great circles, 
and its sides passing through three given points. 

(See Exs. 7 and 8.) 

14. In a given spherical polygon inscribe another of the same number of 
sides, so that each side may pass through a given point. 



Spherical Involution. 

146. Those who have read plane geometry will be 
aware that if from a fixed point 0, on a right line, 
lengths OAy 0A!\ OB^ OB^ &o., be measured oflE in pairs 
such that 

when K is some constant quantity, then the system of 
points will be so related that the anharmonio ratio of any 
four of them will be equal to the anharmonio ratio of 
their four conjugates {A being conjugate to A\ B to i5', 
&c.). Such a system of points is said to be in involution, 
and from this point of view spherical involution will pre- 
sent no difficulty. 

Definition. — If three pairs of points, -4, -4'; J5, ^; 
C, C, on a great circle, be such that the anharmonio 
ratio of any four (not being two pairs of conjugate 
points) is the same as that of their four conjugates (the 
relative order of the two sets being the same), then every 



Definition. 
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set of four will possess a similar property. Three such 
pairs of points are said to be in Spherical Involution. 




147. If a, a'; ft, b\ &o. (fig. 53), be a system of points in 
involution on a right line, and if Of be taken equal to k 
(where k' = Oa. Oa')y the point /, being its own conju- 
gate, is called a FocuSy or Double Pointy and is called 
the Centre of the involution. Now if OAB be a great 
circle on a sphere, the plane of the circle coinciding with 
the plane of the paper, Oa a tangent to it at 0, the pencil 
joining Sy the centre of sphere, to «, a'; byb\ &c., is in 
involution, since the anharmonio ratio of any four of its 
rays is the same as that of their four conjugates. Again, 
the anharmonio ratio of any four of the rays of this pencil 
is the same as that of the four points in which they inter- 
sect the great circle.* Therefore the points -4, ^'; ByB\ 
&Q.y in which this pencil meets the great circle, are such 

* If Ay B, C, J) be these points of section, both ratios are equal to 

Bia BO sin AD 



sin AB sin (7i>* 



H2 
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that the anharmonie ratio of any four of them is equal to 
that of their four conjugates ; that is, they form a system 
in involution. 

The ray 8f to the focus / is called a Double Rayy or 
Focal Ray. It obviously meets the great circle in a point 
Fy which is its own conjugate, which is therefore called a 
Focmy or Double Pointy of the spherical involution. So, 
also, as in piano y the point is termed the Centre of the 
spherical involution. 

To the system of points «, J, &c., corresponds a similar 
system on the opposite side of 0, having a focus/' such 
that Q/"= Of^K. Similarly, on the sphere to the system 
Ay By Cy ftc. , wiU corrcspoud a similar system, which are 
the reflections of them with respect to the diameter OSy 
having a focus Fi, such that OF^ = OF. Thus on the 
sphere there are four fociy viz., Fy Fa^ and their diametri- 
cally opposite points, F^yF^^y and/owr centres of involution, 
viz., 0, Oty Oiy Oiy tho poiuts bisecting the angular dis- 
tances between the foci. 

The pencil of great circles joining any point on the 
sphere to a system of points in involution forms a pencil 
in involutiony since obviously it is such that the anharmonie 
ratio of any four of its rays is equal to that of their four 
conjugates (Art. 137). 

If the radius of the sphere be unity, we have 

Oa = tan OAy Ob = tan OB, &c. ; 
and hence, in a spherical involution, 

tan OA tan OA' = tan OB tan OB' = &c. = tan' OF. 



Examples. lOl 



Examples. 

1. The point conjugate to the centre of an involution is 90° distant 
irom it. 

2. Any great circle drawn across a pencil in involution is cut in a system 
of points in involution. (Art. 137.) 

3. Any pair of conjugate points such as ^, A' are harmonic conjugates 
with respect to any pair of foci not diametrically opposite. 

4. Three pairs of points having a common pair of harmonic conjugates 
form a system in involution. 

[Ex. 3 and 4 follow at once from the corresponding properties on the 
iine.] 

5. The six arcs drawn from any point on the surface of the sphere to the 
intersections of the sides of a spherical quadrilateral form a pencil in in- 
volution. 




Fig. 54. 

[Let P (fig. 64) be the point, ABCDEF the quadrilateral. Then 

P. BACF=A . PPCP= A . EPCD, 
Uence P. jB^CP= P. JDCJ^; therefore, &c.] 

6. Any great circle drawn across the sides and diagonals of a spherical 
|uadrilateral is cut in involution. 
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CHAPTER XII. 

THE SMALL CIRCLE. 

Section I. 
Introductory. 

148. Theorem. — If a spherical polygon of any even 
number of sides be inscribed on a small circle^ and if from 
any point on the circle perpendiculars p^ p^^ . . . ptn be 
dratvn to the sides fli, (72, . . . (hnj respectively^ then 

Bin ^2 sin Pi . . . Binj»2n cos i^i cosies • • . cosia^n-i 
sin^i^sinjOs . . . sinj92n^i cos J ^2 cos ^ r/* . . . cos5a2» ^ 

that is, the continued product of the sines of the even per- 
pendiculars bears a constant ratio to the continued product 
of sines of the odd perpendiculars, as moves round the 

o 




Fig. 56. 

oirole. Denote the angles which the sides ^i, ^2, &c., sub- 
tend at by Oi, O2, &c. The triangle BOC gives 

sin 02? sin OC sin O2 = sin a2 sinpi. (1) 
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But if R be the ciroumradius of any triangle, we have, by 
Art. 83 (4), 

2 tan R cos i a cos J b cos J c = sin a -^ sin^. 

Therefore (1) becomes 

sin OB sin OC = 2 tan iJ cos J 0J5 cos i OC cos J 02 sin j92 ; 

or, 2 sin i OB sin J 0(7 = tan jB cos ^ «« sin j^a. 

Similarly, 2 sin J 02) sin ^ 0^ = tan R cos i «* sin p^, 

&c. = &c. 

Writing down the corresponding equations for the odd 
sides and perpendiculars, and noting that the continued 
plroduct of the left-hand members is the same for each set, 
we find 

sin /?2 sill jt?4 . . . sinjOjn cosj^icosj^s . . . COSJfltan-i 



sin/?i sinj^a . . . sinjt?2n-i cosiaacosi^i . . . cosj^-jn ' 

Cor. 1. — If the polygon be regular, the product of the 
sines of one set of perpendiculars is equal to the product 
of the sines of the other. 

Cor. 2. — If a spherical quadrilateral be inscribed in a 

circle, 

sin Pi sin pi, cos J ai cos ^ <h 

sin pi sin pz cos 5 a^ cos i a^ 

Cor. 3. — If we suppose two opposite sides, 02, cn^ of the 
quadrilateral to coincide, the other sides, ai, ^3, become 
tangents to the circle, the coincident sides being their 
chord of contact, c, and 

sin^isinjOs 21 

— V-5 — ^ = cos* i r. 

BUT Pi 
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HencCy if two tangent great circles be drawn to a small 
eirchy the ratio of the product of the sines of the perpen- 
diculars from any point of the circle on the tangents^ to the 
square of the sine of the perpendicular on their chord of can- 
tactj is constant^ and equal to the square of the cosine of half 
the chord of contact. 

Cor. 4. — By supposing two consecutive vertices of the 
polygon to coincide, we obtain a theorem for a polygon of 
an odd number of sides. 

Cor. 5. — If we suppose a hexagon reduced to a triangle 
by the coincidence of its vertices in pairs, we have 

product of sines of perps. on tangents at yertices . i . i 

_— ; _ = cos « a cos ♦ cos * e ; 

product of Bines of perps. on sides 

and for a polygon of n sides this ratio is equal to 
cos ^ ai cos i a% cos ^az . . . cos ^ an* 
Cor. 6. — In piano, we have 

PiPiPs . . . Ptn-i =P2Pi . . . Pitf 

149. All the results of the foregoing Article may be 
deduced from Cor. 3 ; and, as it is of considerable import- 
ance, we append the following simple proof of it : — Let 
tangents be drawn at the vertices. Ay By of a triangle to 
the circumcircle, and let the perpendiculars from C on the 
tangents, and their chord of contact, c, be jt?i, j?2, J», respec- 
tively. Then, if S be the pole of the circumcircle, we 
liave 

sin ^2 _ cos CBH _ cos {8- A) 

sinp sini? sin jB 
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Similarly, 

sinpi _ co8(S--B) 

Therefore 

sinjt?! sinjt?2 _ cos (S- -4) cos (iS--B) _ ^ , 

: q — : 7 ;^ ^;^ = COS * C 

sm'jt? sin-4.8111-6 

Hemark.—^lBy drawing tangents at the vertices of a 
quadrilateral inscribed in a small circle Cor. 2 easily 
follows ; and similarly we may obtain the other results 
in Art. 148. 

Definltloii. — The anharmonio ratio of the pencil join- 
ing any* yariable]f point on a small circle to four fixed 
points on it is] called the Anharmonic Batio of the four 
points. 

150. Tlteorem. — The anharmonic ratio of four fixed 
points on a small circle is constant. 

o 




Fig. 66. 

Let A, B, Cy I) he the fixed points; any variable 
point on] the circle. Then the triangles BOO and AOD 

give us 

sin OB sin OC sin BOC = sin BC mipiy 
and 

sin OA sin OB sin A OD = sin JD sin j?4, 

where p-^ and pi axe the perpendiculars from on the 
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sides BC and AD. If pi and p^ be the perpendiculars on 
the remaining side, we wiU have, by writing down, for 
the triangle AOB and DOCy the expressions correspond- 
ing to the above, 



(1) 



^mBOCmiAOD ^ sin BCsmAD sin jPa sin pi 
8in-40i/sin COD " sin-4J5sin CD sinj^i sinj^s" 

But by Art. 148, 

sin jt^a sin pi cos i AB cos J CD 
sinpi Binpi cos ^ BC cos i -42>" 

Therefore, by substituting in (1) and reducing, 

sin BOC sin ADD sin j BO sin j AD 
sin ^0£ sin COi> ~ sin ^AB sini CD ' 

that is, the anharmonic ratio of four fixed points on a small 
circle is constant. 

Cor. — In the same manner we have, generally, using 
the notation of Art. 148, 

sin Q2 sin O4 . . . sin Pan sin ^ Oa sin ^ ^4 » » » sin ^Oan 

sin Oi sin O3 . . . sin 0%n-\ sin^^i sin^^s . . . sin^^Tan-i 



Examples. 

1 . Faseata Theorem on the Sphere. If a spherical hexagon be inscribed in 

a small circle, the intersections of the opposite sides, yiz., 1 and 4, 2 and 6, 

3 and 6, are concyclic. 

[Proof, as in piano."] 

2. Show, from Ex. 1, that if a pentagon be inscribed in a small circle, 
and a tangent be drawn at one angle to meet the opposite side, and if the 
sides containing that angle be produced to meet the remaining pair of sides, 
the three points of section so formed lie on a great circle. 
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3. If a quadrilateral be inscribed in a small circle, tang;ents at the ex- 
tremities of either diagonal intersect on the third diagonal. 

[A particular case of Ex. 1.] 

4. The tangents to a small circle at the vertices of an inscribed triangle 
meet the opposite sides in three points, which are coney clic. 

5. The sixty great circles corresponding to the sixty Pascal's lines, in 
piano, which result from taking six points in any order, as the vertices of a 
hexagon inscribed in a circle, consist of twenty concurrent triads. 

6. If two triangles, ABC, A'B'C, be inscribed in a small circle, any two 

sides, AB and A'JB', are divided equianharmonically by the remaining 

four. 

[For C.A'BAB' = CA'BAB^; therefore, &c.] 

7. If three great circles be drawn from a point cutting a given small 
circle, show that the pencil joining any point on the small circle to the six 
points of section is in involution. 

8. A great circle drawn to meet a small circle, and the sides of a quadri- 
lateral inscribed in it, is cut in involution. 

(a) The points where the transversal meets the diagonals belong to the 
involution. 

9. If the angular points of a quadrilateral inscribed in a small circle 
form a harmonic system of points, prove that the product of the sines of 
the halves of the diagonals is equal to twice the product of the sines of the 
halves of a pair of opposite sides. 

10. If 8 be the angular distance of a fixed point, 0, from the pole of a 
small circle of spherical radius, a, prove that the angular distance, p, of any 
variable point on the circle from 0, is connected with the perpendicular, p^ 
from 0, on the tangent to the circle at the variable point, by the equation 

cos p + Biup tan a = cos t, 

where t is the tangent from the fixed point to the circle. 

[cos 8 = cos p cos a + sin p sin a cos pa. x>ut sin^ = sin p cos pa ; 
therefore cos 8 = cos p cos a + sin a sin p, &c.] 
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Section 1 1. 
Theory of Poles and Polars. 

151. Definitions. — If on any spherical radius of a 
«mall circle two points be taken, such that the product of 
the tangents of their angular distances from the pole of 
the circle is equal to the square of the tangent of its 
angular radius, then a great circle, perpendicular to the 
radius through either point, is called the Polar of the 
other, with respect to the circle, and each point is termed 
the Pole of the perpendicular through the other.* 




Fig. 67. 

Thus if P (fig. 57) be the pole of a small circle of spherical 
radius, r, and if and (/ be two points on a great circle, 
through P, such that 

tan PO tan PO' = tan* r, (1 ) 

then the great circle TTy through (7, perpendicular to 
OPy is the polar of 0, and is the pole of TT\ with 



* The terms ** pole" and ** polar*' thus applied need not give rise to any 
:ambiguity of expression, notwithstanding that they have been defined in 
a different sense in Art. 4. In that Article the point and circle are pole 
and polar, with respect to one another; here they are pole and polar, unth 
'^etpect to the small circle. 
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respect to the small circle ; similarly, ff, and a great circle 
through 0, perpendicular to OPy are pole and polar. 
The great circle OP is termed the Polar Axis of 0, and 
the foot of the perpendicular from P, on any great circle, 
is called the Polar Centre of that circle, with respect to 
any small circle described with P as pole. 

Two points, so situated that each is on the polar of the 
other, are called Conjugate Points. Thus the polar of a 
point is the locus of the entire system of its conjugates^ 
and the polar centre of any chord of a circle is at its 
middle point. 

In general, if three points be situated on a great circle 
in any manner, with respect to one another, any one of 
them may be defined as the pole of the perpendicular to 
the great circle through either of the others, with respect 
to a small circle (real or imaginary) described round the 
third as pole. The radius of the circle being given by 
equation (1) will be real or imaginary, according as 
tan PO tan PO^ is positive or negative ; and this in turn 
depends on the magnitudes of PO and Pff^ and also on 
the relative positions of and (7, with respect to P — ^two 
arcs being affected with opposite signs if measured in 
opposite directions. 

Before entering into the two cases thus presented, we 
shall first show that the poleur of a point, with respect to 
a circle, passes through the points of contact of the 
tangents from the point to the circle. Join 7 to and P 
(fig. 57). Then since tan PO tan Pa = tan^ PT, it follows 
that the angle PTO is right ; and therefore OT touches 
the circle at T, Hence the polar of a pointy with respect ta 
a small circhy may be regarded as the spherical chord of coti" 
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tact of the tangents from the point to the circle. From this 
point of view the student may easily investigate the rela- 
tive positions of O and C, with respect to P, as PO and 
P(y vary in magnitude, the circle remaining reaL 

The following Examples will be found to contain the 
most important cases :— 



Examples. 

1. If and 0' are on the same side of P, the circle will be real when FO 
.and PO' are each less than, or each greater than, a quadrant ; and imaginary 
when either is less than a quadrant, the other being greater. 

2. If and 0' are on opposite sides of P, the circle will be real when 
-either FO or PO' is less than a quadrant, the other being greater ; and 
imaginary when they are each less than, or each greater than, a quadrant. 

3. In Ex. 1, the points and 0' being on the same side of F and FO and 
F0\ each greater than a quadrant, and Cf are both outside the circle, and 
are diametrically opposite to the case in which FO and FO' are each less than 
-a quadrant, in which case one is inside, and the other outside, the circle. 

4. When is on the circle 0' it coincides with it, and the polar becomes 
the tangent at the point. 

5. When coincides with /*, FO' is a quadrant ; and thus the polar of F 
with respect to any small circle described round it, is the great circle, of which 
F is the pole, 

6. If one point is inside the circle the other is outside it. 

7. The points in which FO meets the circle are harmonic conjugates, 
with respect to and 0', 

[For tan FO tan FO' = tan^ r.] 

8. If two small circles intersect each other orthogonally, their common 
«hord is the polar of the spherical centre of either, with respect to the other, 
And conversely. 
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9. If ^*and B be two points (fig. 58), and if from A a perpendicular, 
AM, be drawn to the polar of B, and from B a perpendicular, BN, to the 
polar of Ay prove that 

8in^-M'_ sin PB* cob PA 

sin BN " sinPA'aOAPli' 

where P is the pole of the small circle, and A' and B' the points where the 
polars of A and B meet PA and PB. 

[Let AM and PB meet in Q, then Qif = QB' = 90* ; and if JJiVand PA ' 
meet in B, Blf = -B-4' = 90**. Therefore 

sin^Jf cos^Q cos PA cos PQ (1 + tan PA tan P(j cos P) 
smBN ~ cobBB " cos PB cobPB (I -\- tan PB tan PB cosP)* 




But 



Fig. 58. 



tanP^ tan PQ = tan PB tan PR, since tanP^ tanP^'= tan PB tan PB". 

Therefore 

sin -4 Jf cos PQ cos P-4 sin PB' cos P^ 



:•] 



sin BN cos PB cos P^ sin PA' cos P^ 
2 10. Show that Ex. 9 reduces, in piano, to Salmon's Theorem. 



[We have^ 



since 



AM _ PB' _ PA 
BN " PA'"^ PJj' 

PA. PA =PB,PB'.'] 
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11. If ) in Ex. 9, the point 3 be on the circle, show tliat 

sin AM cos PA 

~ — ;rj7 = -1 — =-7; tan r = constant. 

sin BN sin PA 

Hence the sine of the perpendicular from anyjlxed point {A)y on a variable 
tangent to a small circle, bears a constant ratio to the sine of the perpendicular 
from the point of contact (B) of the tangent , on the polar of tlie fixed point (A) , 
with respect to the circle. 

12. From the vertices of a polygon circumscribed to a small circle per- 
pendiculars are drawn to any variable tangent to it ; provo*that the con- 
tinued product of their sines bears a constant ratio to the continued product 
of the sines of the perpendiculars from the x>oint of contact of the variable 
tangent on — 

(1) The sides of the inscribed polygon formed by joining the points of 
contact of the circumscribed polygon. 

(2) The sides of the circumscribed polygon. 

[Apply Ex. 11, and Art. 148, Cor. 5]. 

13. In the case of a polygon of an even number of sides circumscribed 
to a small circle ; prove that the continued product of the sines of the per- 
pendiculars, from the even vertices on any variable tangent, bears a constant 
ratio to the product of the sines of the perpendiculars from the odd vertices 
on it ; and, if 9i, 82, 83 ... San be the angular distances of the vertices- 
from the pole of the small circle, this constant ratio is 

sin 82 sin 84 . . . si!n San 



sinSismSs . . . sm82n-i 
[Apply Ex. 11, and Art. 148]. 

14. If $1, 82, ... 8m be the angular distances of the pole of the circle in 
Ex. 12 from the vertices of the circumscribed polygon, and di, dz . . . d,^ 
its angular distances from the sides of the inscribed polygon; show the 
ratios (1) and (2) of that example are, respectively — 



1 1 sin 2 81 sin 2 82 ... sin 2 8n ) 
^^ \(sin2i;isin2<;2. . .em2dn'] 

sin 81 sin 82 siQ 83 . . . sin 811 



(2) 
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1 5. If two polygons be reciprocal polars to each ether, with respect to a 
circle (i. e. such that each vertex of either is the pole of a side of the other) ; 
then the product of the sines of the angular distances of any point on the 
circle, from the n sides of either, bears a constant ratio to the product of the 
sines of the angular distances of the vertices of the other, from the tangent 
at that point. 

152. Theorem. — If A and B he two points on a sphere y 
and if the polar of A passes through B ; then the polar of B 
will pass through A. 




Fig. 69. 

Let A'B (fig. 59) be the polar of A passing through B, 
Join PBy and draw AB^ perpendicular to PB. Then, 
since the angles at A^ and B^ are right, we have 

tanP-4' = tanP5 cosP, and tan PB = tanP-4 cosP. 

Therefore 

tan PB . tan PB^ = tan PA . tan PA' = tan« r ; 

and hence AB^ is the polar of B. 



Examples. 

1. If a point moves along a given great circle, its polar turns round ft 
fixed point, viz. the pole of the given great circle. 

2. If two points A and B be given, and if their polars intersect in (7; 
then AB is the polar of C. 

[For, by this Article, since the polar of A passes through C^ the polar of 
C mutt pass through A^ and similarly it must pass through B^. 

FART II. I 
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Henee the are of connexion of two points is the polar of the intersection of 
the polars of the points. And again, the intersection of the polars of tufo 
points is the pole of the are of connexion of the points, 

3. If through any point a secant be drawn cutting a small circle, the 
tangents at the points where it meets the circle intersect on the polar of the 
point. 

4. If four points Ay B, C, 2) lie on a great circle, their anhannonic ratio 
is equal to the anhannonic ratio of their four polars. 

[For the polars pass through a point, viz. the pole of the great circle, and 
they are perpendiculars from this point to the arcs joining P, the pole of 
the small circle to A, B, C, D. Therefore, &c., by Art. 137, Cor, 4]. 

Hence, if four points form a harmonic roWy their four polars form a har- 
monie pencil. 

ft 

5. The locus of the intersection of tangents to a circle, at the extremities 
of a yariable chord, which passes through a fixed point, is the polar of the 
point. 

6. If two triangles are such that each vertex of one is the pole of the 
corresponding side of the other ; then reciprocally each vertex of the latter 
is the pole of the corresponding side of the former ; and the same holds 
generally for two polygons, or, more generally still, for two curves, such that 
the tangent at any point of one is the polar of the corresponding point of 
the other. 

7. Show that — 

(a) When two points (or great circles) are conjugate, so also are their 
polars (or poles). 

(jS) The common conjugate of two points is the point of intersection of 
their polars, i. e. the pole of the great circle joining them. 

(7) Every two conjugate points, with the pole of the great circle joining 
them, determine a self-reciprocal triangle ; and every two conjugate great 
circles, with the polar of their point of intersection, determine a se]f-recipi*o- 
cal triangle. 

Definition. — A triangle such that each side is the polar of the opposite 
vertex is said to be Self- Reciprocal or Self- Conjugate with respect to the 
small circle. 
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153. Theorem. — Any secant drawn through a fixed 

point across a small circle is cut harmonically by the circle, 

the pointy and the polar of the point with respect to the circle. 

Let a eeoant through (fig. 57) meet the circle in M 
and Ny and the polar of in jB. Denote the perpendi- 
culars from M on OT, 0T\ TT hjpif P2,p, respectively, 
and the corresponding perpendiculars from iV by CTi, t^g, ^• 
Then by Art. 149, 



sin pi sin Pi ^ sin* p 
sin CTi ' sin ^2 sin^ w' 



(1) 



T, . sinjf^i sin OM sinpz 

Sin 7^1 sm OJy sin^g ^ ^ 

Therefore, by (1), 

sin p sin pi sin 



sm w sm nil sm Wj 
That is, 

sin RM sin OM ^ 
siniiiyr^sin OH' 

or the arc MN is cut internally at E, and externally at 
in the same ratio of sines ; therefore, &o. 



Examples. 

1. If through a fixed point a variable secant be drawn, cutting a circle 
in M and N; and if i2 be taken, tbe harmonic conjugate of with respect 
to 3f and N, the locus of i2 is a great circle, viz. the polar of 0. 

2. If from any point tangents be drawn to a small circle, the points of 
contact T, T', and the points of intersection Jf, iV, of any secant from O, 
form a harmonic system of points. 

[Let X be any point on the circle ; then by Art. 160, X, TMTNss. 
T. TMrN= T, OMJRy, which is harmonic]. 

12 



116 The Small Circle. 

3. If the yertices of a quadrilateral lie on a small circle, the extremities 
of its third diagonal and the intersection of its other diagonals are three 
points, Buch that the arc joining any two is the polar of the third, with re- 
spect to the ciicle. 

[This follows from the harmonic properties of a complete quadrilateral^ 
discussed in Art. 143.] 

4. If four points on a circle form a harmonic system, the arc of connexion 

of any pair passes through the pole of the arc of connexion of the other 

pair. 

[Apply Ex. 2]. 

5. If tangents be drawn at the vertices of a quadrilateral, inscribed in a 
small circle, they form a circumscribed quadrilateral, and intersect in six 
points which lie in pairs on the sides of the self -conjugate triangle, referred 
to in Ex. 3. 

6. The diagonals of the quadrilaterals, inscribed and circumscribed, in 
Ex. 5 are concurrent, and form a harmonic pencil. 

7. The extremities of the third diagonals of the two quadrilaterals ia 
Ex. 5 lie on a great circle, and fonn a harmonic row. 

8. If two triangles be self -conjugate with respect to a circle, any two sides 
are divided equianharmonically by the four remaining sides, and any two 
yertices are subtended equianharmonically by the four remaining yertices. 

[Apply Ex. 4, Art. 152]. 

9. If two triangles be such that the sides of one are the polars of the 
yertices of the other, they are in perspective. 

[Proof as in plano^ for which see Townsend's Modem Geometry ^ vol. i.,. 
Art. 180, or Casey's Sequel to Euclid], 

10. Any four fixed tangents to a small circle are cut by a variable fifth 
tangent in four points, whose anhannonic ratio is constant. 

[The pencil joining the point of contact of the variable tangent to the 
points of contact of the fixed tangents has a constant anharmonic ratio ; but 
the arcs forming this pencil are the polars of the points in which the vaiia- 
able tangent cuts the fixed tangents; therefore, &c., by Ex. 4, Art. 152.] 

11. Hence any two fixed tangents to a small circle are cut homograph^ 
ically by a variable tangent 
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12. If a hexagon be described about a circle, tbe three arcs joining the 
opposite angular points will be concurrent. (Brianchon's Theorem.) 

[The arcs joining the points of contact form an inscribed hexagon ; and 
therefore, by Art. 150, Ex. 1, the intersections of its opposite sides are 
«oncyclic ; but these sides are the polars of the^ opposite vertices of the 
circumscribed hexagon ; therefore their intersections are the poles of the 
connectors of its opposite vertices; and since ihey are coneyclic, it follows 
that their polars, viz., the connectors of the opposite vertices in question, 
are concurrent.] 

13. If a great circle drawn across two small circles meet, one in a pair of 
conjugate points with respect to the other ; then it meets the latter in a pair 
•of conjugate points with respect to the former. 

154. The Polar Circle. — If the perpendiculars of a 
triangle meet the opposite sides in points X, Yy Zy and 
if be the orthocentre, it is easily shown that 

tan OA tan OX = tan OB tan OF = tan 00 tan OZ. 

Hence, if a circle be described with as pole, and an 
angular radius, /t>, given by the equation 

tan' p = tan OA tan OX = &c., 

the triangle ABC will be so situated, with respect to it, 
that each side is the polar of the opposite vertex. The 
circle thus constructed is called the Polar Circle of the 
triangle. Thus any triangle is self- conjugate with re- 
spect to its polar circle. 

As the parts of a triangle may each have any value 
between zero and tt, the polar circle may be real or 
imaginary, whether the orthocentre lies inside or outside 
the triangle. The expression of the following Article, for 
its radius, shows that it is real or imaginary according as 
an odd or an even number of the parts of the triangle 
exceed 90°. 
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Examples. 

1 . The polar circle of any triangle is also the polar circle of its three co* 
lunars. 

2. The yertices A^ B, C^ of the triangle ABC, are the spherical centres 
of the polar circles of the triangles BOC, CO Ay AOB, 

3. The polar circle of the triangle ABC, and the polar circles of BOCy 
CO A, AOB, cut each other orthogonally. 

[For BY 18 the polar of A, with respect to the circle round C; and also 
the polar of C, with respect to the circle round A. Therefore, &c., by 
Art. 151, Ex. 8.] 

4. The angular radius of the polar circle of any triangle is the comple- 
ment of the angular radius of the polar circle of its polar triangle, and the 
latter circle is identical with the pular circles of the polar triangles of the 
colunars of the given triangle. 

155. Problem. — To find the angular radius of the polar 
circle of a given triangle. 

Let ABC be a given triangle (figs. 60, 61), X, Ty Z 
the feet of the perpendiculars drawn from the vertices on 
the opposite sides ; the orthocentre. 





Fig. 60. 

Then we have 

tan PC 
tan Ci 



Fig. 61. 



= sec OCX = 



tana 



r/> 



tan CZ 



(1> 

[Art. 44.] 
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, tan O'Z tan OAZ tan £X cos A ,^. 

Multiplying (1) and (2) together, we obtain 

tan 00 tan OZ tan BX tan a cos^ 
tan OX tan CZ 2NteLJiCZ 

Hence, 

^y^, i ^.^ tan a tan 5X tan OXoos A 
tan 0(7 tan OZ = pr-r^ ; 

, , tan a tan & tan c cos A cos jB cos O ^ 
or tan^ p = :^ * 

[Art. 44 and Art. 36, Ex. (2).] 



Examples. 

1. The radii pi, p2, ps of the polar circles of the triangles BOCy CO A, and 
AOB are given by the equations 

tan'* pi = tan b tan e cos Ay 
tdJD? p2 = tan c tan a cos B, 
tan^ ps = tan a tan & cos C. 

[Fortan«pi = tan ^r tannic (fig. 60) = tan-iiCtan-45 oos^.] 

cos h cos c 

2. Prove that cos'pi = , with similar relations for cos'-'ps and 

cos fl 

cos* ps. 

[sec* pi = 1 + tan* pi = 1 + tan b tan e cos A (Ex. 1) 

cos b cos c ■\' Bmb sin c cos A cos « ., - « -, 

= ; = ; therefore, &c.] 

cos b cos e cos b cos c 

3. Prove that 

cos a cos pi = cos b cos p2 = cos c cos ps = (cos a cos ^ cos <;)i. 

* The negative sign is attached, for when Ois inside the triangle (fig. 60)^ 
OC and OZ are measured in opposite directions from ; and when is out- 
side the triangle (fig. 61), we have tan CX = — tan b cos C, 
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4. The polar circles, pi,pz,ps intersect at right angles. 

[From £z. 3, cos a cos b cos pi cos f>2 = cos cos b cos e ; 
hence cos e = cos pi cos p2 ; and since e is the arc joining the 

poles of one pair of circles whose radii are pi and pt ; therefore, &c.] 

6. Proye the formulsB 

tan* p2 + tan* ps + tan* p2 tan* ps = tan* a, 
tan* ps + tan* pi + tan* p3 tan* pi = tan* b, 
tan* pi + tan* pz + tan* pi tan* pjj = tan* c. 

[From £z. 4 we have sec* a = sec* pa sec* p3 ; 

hence 1 + tan* a = (1 + tan* pa) (1 + tan* pa). 

Or thus : 

tan* pa s tan a tan^Z, and tan* pt = tan a tan CX; also tan a = tui{JBX + CX) ; 
therefore, ftc. 

6. Prove that 

tan* pi tan* pi tan* p3 ...^ ^ .. 

!-— - — f 1- = - 2iV^ tan a tan i tan (J. 

tan*p 

7. The cosine of the distance between two conjugate points is equal to 
the product of the cosines of the tangents drawn from the points to the small 
circle. 

[-4 and B are conjugate points, with respect to the polar circle of the tri- 
angle, and the tangents from them to it are pi and pa ; and by Ex. 4 we 
have cos e = cos pi cos pa. 

For analogue, in piano, see Townsend's Modem Geometry, Art. 167.] 

8. If ^ denote the tangent from a point midway between two conjugate 
points, the tangents from which are h and ^a, prove that 

sin* ti + sin* ^a 

tan* t = ; 

(cos h + cos ^a)* 

and state the analogue in piano, 

[Let M be the middle point of AB ; then, by Art. 42, 

cos -40 + cos BO = 2 cos AM cos OM. 

X Therefore cos ^1 + cos f 3 = 2 cos J AB cos t ; 

or 

(cos ti + cos ^2)* 

5- = 2 cos* J AB = 1 + cos AB = 1 + cos ^1 cos tz I'therefore, &c.] 

2 cos* t ' * •»* » J 

Analogue in piano is 4 <* = ^1* + t%^; or t = \AB. 
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9. If A and B are two conjugate points, Z the polar centre of AB, and h 
the tangent from Z to the polar circle, prove that 



[For (fig. 60) 
and 
Therefore 

tanui^tanJ?ir = 
which, by Art. 161, 



8in2 ^3 -idJiAZtsmBZ. 
tan AZ = ta.nACZ sill CZ; 
tan BZ = tan BOZ sin OZ. 

sin CZ sin OZ sin CZ sin OZ 



cos CO cos (OZ-^ CZ) cot CZ cot OZ + 1* 

1 



1 + cot- h 



= sin' ^s.] 



Section III. 

Coaxal Circles, Radical AxiSy and Radical Centre on the 

Sphere. 

156. Radieal Axis. — To find the locus of a point, stick 
that arcs drawn from it to touch two small circles shall he 
equal. 





Fig. 62. Fig. 63. 

Let be any position of the point (figs. 62, 63), P and 
P' the poles of the small circles, r and r their angular 
radii. 
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Then 


cos OT = cos OP -r 008 r ; 


also 


cos OT = cos OF ^ cos /. 


Therefore, if 


OT = 0T\ 


we have 


cos OP cos r 
cos OP' cos /* 



Hence in the triangle POP' we are given the base PFy 
and the ratio of the cosines of its sides ; and therefore the 
locus of its vertex, 0, is a great circle, perpendicular to 
the base, at a point R^ such that 

cos OP cos RP _ cos r 
cos OP^ cos RP^ cos /' 

(Art. 66, Ex. 11.) 

This circle (Art. 43) obviously coincide's with the arc 
joining the points of intersection of the given circles in 
case they cut each other, and with the tangent at their 
point of contact in case they touch. It may also be 
regarded as the arc joining their imaginary points of 
intersection if they do not cut each other in real points 
(fig. 63). 

The great circle, OiJ, from any point of which the tan- 
gents to two small circles are equal, is called the Radical 
Axis of the circles; and a system of circles having a 
common radical axis is termed a Coaxal System, 

Thus the radical axis of tico circles is the great circle join' 
ing their points of intersection [real or imagitiary) ; and a 
coaxal system of circles is a system having two common 
points {real or imagi7iary). 

Cor. 1. — A circle having any point, 0, on the radical 
axis for pole, and one of the equal tangents, QT, for 
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spherical radius, will out both the given circles ortho- 
gonally ; and conversely, every circle cuttiDg both circles 
orthogonally will have its pole on the radical axis. 

Cor. 2. — The radical axis bisects each of the common 
tangents to two circles. 

157. Radical Centre. — The radical axes of three given; 
small circles, taken in pairs, are concurrent. 

By the application of Art. 43 it follows exactly as in 
planoy that the arc joining the intersection of the radical 
axes of two of the pairs to one of the common points of 
the third pair must pass through their other common 
point ; therefore, &c. 

The point of concurrence of the radical axes of three- 
circles taken in pairs is called their Radical Centre, and it 
lies either within all three or without all three. 

Cor. 1. — Hence we can describe a circle to cut any 
three circles orthogonally, its pole being their radical 
centre. 

Cor. 2. — If any circle cut a coaxal system of circles, the 
spherical chords of intersection of it, with each of the 
circles, will all pass through a point on the radical axia 
of the system. 

Example. 

The three arcs drawn through the vertices of a triangle bisecting its area 
are concurrent. 

[Let the arcs meet the sides a, by e in points X, J, Z, respectively. Then^ 
by Art. 101, the points Zand Flie on a small circle passing through the 
points A\ J3\ diametrically opposite to A and £. Similarly, Y and Z lie on 
a circle passing through M' and C\ and Z and X lie on a circle passing 
through C and A'. Thus we have three small circles intersecting in X, F, Z, 
A', B'f C ; and their radical axes being A'X, B'Y, C'Zy are the bisectors 
of the area of ABC] 



124 The Small Circle. 

158. lilmfting Points. — Any circle cutting two given 
-circles orthogonally passes through two fixed points on the arc 
joining their poles. 

Let (fig. 63) be the pole of a circle cutting two circles 
orthogonally, and let it intersect PP^ in L and L\ Then 
we have already seen that is on the radical axis, and 
Or« OL. Therefore 

cos RP cos OP 
cos KL cos OT 

Hence the distance RL (= RV) is independent of the 
position of on the radical axis, and is equal to the tan- 
gent from R to either of the circles. 

The points L and i', through which all circles ortho- 
gonal to both the given circles pass, are called their 
Limiting Points^ since they may be considered as a pair 
of infinitely small circles coaxal with the given ones. 

Cor, 1. — If a system of circles be cut orthogonally by 
two circles, it is a coaxal system. 

Cov, 2. — The system of circles orthogonal to a given 
<5oaxal system is also a coaxal system, and the two systems 
are related as follows : — 

(a) Every circle of one system cuts orthogonally every 
oircle of the other system. 

(j3) Every circle of one system passes through the 
limiting points (real or imaginary) of the other system. 

(7) The limiting points of one system are the common 
points of the other. 

(8) If the limiting points of one system are real, the 
limiting points of the other are imaginary. 
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(e) The poles of either system lie on the radical axis^of 
the other. 

159. Fundameiital Theorem. — If from any point 
tangents he drawn to two small circles, the difference of their 
cosines hears a constant ratio to the sine of the perpendicular 
from the point to the radical axis. 




Fig. 64. 

Let P and P' (fig. 64) be the poles of the given circles^ 
r and / their angular radii, S and ^ the angular distances^ 
OP and OF. Then the triangles ORP and ORF give us 

cos 8 = cos PR cos OR - sin PR sinp, 
and 

cos 8' = oos P'R cos OR + sin P'R sin^, 

since am p ^ em OS coa OBF . 

Multiplying the first of these equations by cos /y and 
the second by cos r, and remembering that 

cos r cos P^R = cos / cos PR, 

we find, by subtracting, 

sin p (sin PR cos / + sin P^R cos r) = cos r cos S' - cos / cos 8 



,/cos8 cos 8' 

= cos r oosr > 

\oos r cos r 



) = cos r cos / (cos f - cos t\ 
J 
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But if 7 denote half the common chord of the two circles, 
it follows from Art. 40 (see fig. 62) that 

sin PR cos r + sinP'iJ cos r = cos y sin i), 

where D (= PP') is the angular distance between the 
poles of the circles. 

Therefore 

cos t' - cos t cos 7 sin D 

mip cos r cos r ' 

160. Important Case of Fundamental Tbeorem. 

— If, in the foregoing Article, we suppose the point to be 
on one of the circles (P', suppose), we have t' = 0, and cos f 
= 1; therefore it follows that: — If from any point on 
one of two given small circles a tangent t be drawn to the other y 
and a perpendicular p be let fall on their radical axis, then 

sin* ht , . cos 7 sin D 

— : = constant = - — -., 

smjp 2 cos r cos r 

And conversely — The locus of a point such that the square 
of the sine of half the tangent from it to a given small circle 
hears a constant ratio to the sine of the perpendicular from it 
on a fixed great circle^ is a small circle, which, with the given 
small circle, has the great circle for radical axis. 

This theorem is of fimdamental importance in the theory 
of coaxal circles on the sphere, many of their most impor- 
tant properties flowing directly from it. The student who 
is familiar with the corresponding properties in plane 
geometry will experience no difficulty in applying it to 
deduce the following corollaries : — 
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Cor, 1. — If tangents i^i, t^ be drawn to two circles from 
any point on a circle coaxal with them ; then 

sin i ti : sin i ^2 = constant. 

And conversely — Th^ locus of a point such that the sines of 
the halves of the tangents drawn from it to two fixed circles 
€ire in a constant ratio is a circle coaxal with the given circles. 

[This may be easily proved directly]. 

Cor, 2. — The sine of half the tangent from any point to 
a circle of a coaxal system varies as the sine of half its 
angular distance from a limiting point. 

Cor. 3. — If a chord of one circle touch another, the 
ratio of the sines of the halves of its segments is equal to 
the ratio of the sines of the halves of the chords joining 
its extremities to a limiting point. 

Cor. 4. — If the circumcircle of a triangle ABC touch a 
given circle to which the tangents from -4, -B, C are ^1, ^2, 
izl then 

sin ^ a sin J ^1 + sin i 6 sin J ^2 + sin J c sin ^ ^3 = 0. 

[The limiting points coincide with the point of contact. 
Hence, applying Ptolemy^ s Theorem on the sphere (Art. 25, 
Ex. 6) to the quadrilateral formed by -4, B^ C and the 
point of contact, we obtain the required result by the aid 
of Cor. 2] . 
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Examples. 

1. If ri, r2, rz be th^ angular radii of three coaxal circles; Dgs, Dai, J^n 
the angular distances between their poles, prove the relation 

sin i>23 cos ri + sin Dsi cos rz + sin D12 cos rs = 0. 

[Take any point, 0, on the radical axis, and let Pi, F2, P3 be the poles of 
the circles ; then, by Art. 40, 

sin 2)28 cos OPi + sin Dz\ cos OP2 + sin 2)i2 cos OP3 = ; 

and since the tangents from to the circles are equal, this equation reduces 
to that in question.] 

KoTB. — The above equation may be regarded as a criterion of the co« 
axality of three circles. 

2. If a circle of radius, r, cut three coaxal circles at angles a, /3, 7, show 
that 

sin 2)23 sin ri cos a + sin D^i sin 9*2 cos iS + sin i>i2 sin rz cos 7 = 0. 

[Let 2>i, 2)2, Lz be the angular distances of the pole of this circle from 
the poles of the given circle. Then 

cos 2>i = cos r cos r\ + sin r sin ri cos a, 
cos 2>2 = cosr COB r2 + sin r sin r^ cos /3, 
cos 2)3 = cos r cos r^ + sin r sin rz cos 7. 

Multiplying these equations bysin2>23, sin2>3i, sin2>i2, respectively, and 
remembering that 2 sin i>23 cosDi » (Art. 40), and that by the foregoing 
Example, :g sin 2)33 cosri = 0, we have, by addition, 

2 sin 2)23 sin ri cos a = 0.] 

3. Hence show that a circle cutting two circles at constant angles inter- 
sects any circle coaxal with them at a constant angle ; and therefore a circle 
cutting two circles at constant angles touches two circles coaxal with them. 

4. The products of the tangents of the halves of the segments of an arc,. 

drawn from any point of the radical axis cutting any circle of a coaxal 

system, is the same for all circles of the system (the segments being 

measured from the point). 

[Apply Art. 43.] 

5. If two circles cut three given circles, the triangles formed by the 
common chords (arcs of great circles) of each with the three are in per- 
spective, and the centre of perspective is the radical centre of the given 
circles. 
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[For the corresponding sides of the two triangles meet in pairs on the 
radical axis of the two circles.] 

6. If a variable circle passes through two fixed points on a sphere, and also 
cuts another fixed circle, their common chord, that is the arc joining their 
points of section, passes through a fijLed point on the great circle joining the 
fixed points (Art. 43). 

7. Describe a circle such that the radical axes of it and three given circles 
shall pass through three given points. 

[This reduces to Art. 146, Ex. 13.] 

8. If from a point, 0, on the radical axis of a coaxal system of small 
circles, a great circle be drawn cutting them in points AA\ BB\ &c., 
prove that the middle points of the arcs OAy OA* ; OB, Offy &o., will form 
a system of points in spherical involution, of which is the centre. 

[For we have tan J 0^ tan J 0-4' =' tan J 0^ tan J O-B* = &c. ; hence the 
mid-points are in involution by Art. 147.] 

9. If two circles cut two other circles orthogonally, the radical axis of 
either pair is the great circle joining the poles of the other pair. 

[For eacl^ pa^r passes through the limiting points of the other pair.] 

10. If fotff circles be mutually orthogonal, the six great circles joining 
their poles in pairs are also the radical axes of them taken in pairs. 

11. Hence the vertices, Ay By C, of a triangle, and the orthocentre, 0,are 
the radical centres of the four triads of circles formed by taking the polar 
circles of the triangles ABC, BOC, COAy AOBy three at a time. 

12. The polars, with respect to two circles, of any point on their radical 
axis intersect on the radical axis. 

13. The chords of intersection of either of two small circles, with a 
system of circles orthogonal to both, pass thi'ough the pole of their radical 
axis with respect to it.> 

14. If a variable circle intersect two fixed circles of angular radii, ri and 
rs, at equal angles (or at two angles whose cosines have a constant ratio), and 
if tangents be drawn to the fixed circles from the pole of the variable circle, 
and from their points of contact tangents Ti and Ti be drawn to the variable 
circle ; show that 

sin2 i Ti 



Bin* i T2 

YKSJS .II. K 



= constant. 
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[Let p be the angular radius of the variable circle, 81 and Sj the distances 
of its pole from the poles of given circles, h and ^2 the tangents from its 
pole to them; then ' 

cos 81 = cos p cos fi + sin p sin n cos a. 

Therefore cos h = cos /> + sin p tan ri cos a ; 

jind cos Ti = 1 4- tan p tan n cos a. 

Similarly cos ^2 = 1 + tan p tan r2 cos i3. Therefore, &c.] 

15. If a circle touch two fixed circles, the ratio of the sines of the halves 
of the tangents to it from their limiting points is constant. 



Problem. 
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Section IV. 

Centres and Axes of Similitude on the Sphere, 

161. Problem. — To draw a great circle touching two 
^mall circles on a sphere. 

Let T1T2 (fig. 65) be a great circle touching two small 
-circles at Ti and T2, respectively. Let Pi and P^ be the 
poles of the small circles ; then PiTi, and P2T2 meet in 




Fig. 66. 

P, the pole of T1T2. Now, the sides PPi and PP2 
of the triangle PP1P2 are 90 - ri, and 90 - rj, where ri 
end ^2 are the radii of the circles ; and therefore if the 
small circles be given, the point P is at once determined, 
and the points Ti and T2, where PPi and PPo produced 
meet the circles, give the points of contact of the required 
common tangent. 

E2 
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Cor. — It is always possible to draw a pair of direct 
common tangents, except when one circle is entirely 
within the other ; and a pair of transverse common tan- 
gents when one circle is entirely outside the other. 

162. Centres of idmllitude. — ^The point of intersec- 
tion of the direct common tangents to two small circles i& 
called their External Centre of Similitude^ and the point of 
intersection of the transyerse common tangents their /»- 
ternal Centre of Similitude. 

It is clear that the centres of similitude of two circles 
lie on the great circle joining their poles. For OPi 
bisects the angle between the direct common tangents,, 
and so also does OP2. Therefore lies on P1P2 ; simi- 
larly (/ lies on PiPa. 

Cor. — The point of contact of two circles which touch 
externally is their internal centre of similitude, and the 
point of contact of two which touch internally is their 
external centre of similitude. 

163. Theorem. — The centres of similitude divide the arc^ 
joining the poles ofjhe circles internally and externally intO' 
segmentSj whose sines are in the ratio of the sines of the 
spherical radii of the circles. 

For (fig. 65) if r^ and r^ denote the spherical radii, 

sin OP I sm OPi 

and similarly for the internal centre ; therefore, &c. 

Cor. 1. — Any great circle through a centre of similitude 
makes equal angles with the radii to the points where it cuts 
t/te small circles. 
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[For y^see fig. 65), sin OPi sin PiOBi = sin n sin OBiPiy 
and sin OP2 sinPiO-Bi = sin ra sin P2A2B2. 
Therefore, by the above proposition, 

OBiPi = P2A2B2. 

Hence we have 

C^r. 2. — Conversely — If an arc of a great circle cuts 
two small circles^ and makes equal angles uoith the radii to 
the points o/sectionj it passes through a centre of similitude. 

Cor. 3. — Hence, if a small circle touch two other small 
eircleSy the arc joining the points of contact passes through a 
'Centre of similitude. 

Cor. 4. — The centres of similitude and the poles of the 
given circles form a harmonic row. 

[Art. 136]. 

Definition. — Of the four points -4i, Bi, -^2, P2 (fig. 65), 
in which any great circle through a centre of similitude of 
two circles meets them, the points A\ and A^, or Pi and 
P2, are said to correspond directly, and the points Ai and 
P2, or Pi and -^2, are said to correspond inversely. 

164. Theorem. — If two great circles be drawn through a 
centre of similitude of two small circles^ any pair of the points 
in which they intersect the small circles are concyclic with their 
inversely corresponding points. 

Consider the quadrilateral (fig. 65) BxA^AlBl formed 
by the points Pi, P/, and their inversely corresponding 
points -^2, Ai. Denote each of the equal angles of the 
triangle P^B^B! by x, and those of PzA^Ai by y, and 
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let denote the equal angles P\BxO and P2^t^2, and ^ 
the angles PiBiO and P^AiBi. Then, for the angles of 
tlie quadrilateral, we have 

RBxAz = TT - a? - 6, and BxB(A{ = tt - (a? - 0). 

Therefore 

5i'-5i = e + = ^2' -^2; 
or 

-42 + 5i' = ^2' + 5i; 

and therefore the quadrilateral BiA^A^Bi, is such that the 
Slim of one pair of opposite angles is equal to the sum of 
tlie other pair ; that is, it is inscribable in a small circle* 

[Art. 19(4).] 

Cor. 1. — Hence, 

tan J OBx tani OAt = tan^ 0B{ tan J OA^ 

= tanJOritaniOr,. 

Therefore — The product of the tangents of the halves of 
the arcs intercepted between either centre of similitude and a 
pair of points inversely corresponding is constant. 

Cor. 2. — Combining Cor. 1 with Art. 43, we find 

tan i OA, tan | OB^ ^ tan ^ OT, 
tan i OA2 " tan i OB^ " tani OT2 

Therefore — The tangents of the halves of the arcs between 
either centre of similitude and a pair of corresponding points 
are in a constant ratio. 

Qqp^ 3 — If £iBi\ and -^2^2' be produced to meet at R, 

we have 

tan i EBi tan i EB^ = tan i RA2 tan J RAiy 
and therefore -K is on the radictfd axis of the two circles. 
Therefore — The arc joining a pair of points meets the arc 
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joining their inversely corresponding points on the radical axis. 

Cor. 4. — ^And henoe also tangents to two small circles at 
two inversely corresponding points meet on their radical axis, 
a result which also appears obvioas, since a pair of in- 
versely corresponding points may (by Art. 163, Cor. 3) be 
considered as the points of contact of a small circle, and 
this Cor. merely asserts that the radical axes of the three 
are concurrent. 

Cor. 5. — The four points of contact of the direct com- 
mon tangents are concyclic, and so also are the four points 
of contact of the transverse common tangents. 

Cor. 6.— ^If a circle touch two given circles, the points 
of contact are concyclic with the limiting points. 

[For the points of contact are concyclic with the points 
of contact of a common tangent ; but these latter points are 
concyclic with the limiting points, all four being equidis- 
tant from the middle point of the common tangent ; there- 
fore, &c., by Art. 43]. 

165. Axes of Slmilitiide. — The six centres of simili^ 
tilde of three small circles taken in pairs lis, three by three^ 
on four great circles, called axes of similitude. 



Fig. 66. 
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Let Pi, Pa, Psbe the poles of the small circles, /i, /g, Iz 
their internal centres of similitude. Since the internal 
centres divide the sides of the triangle Pi, P2, P3 into 
segments whose sines are in the ratio of the sines of the 
radii, it appears at once (Art. 122) that the points Ji, /g, /a 
connect concurrently with Pi, P2, Pa. Again, the arc /1/2 
meets Pi Pa in a point E^ such that 

sin Ei Pi _ sin rx 
sin E^ Ft sin r% 

[Art. 12/)] 

Therefore E% is the external centre of Pi and P2. Simi- 
larly J?i and J?2 are the external centres of the other pairs, 
and they are concyclic. However, this last result may be 
obtained at once from the criterion of Art. 122. 

The concyclic triads are therefore the three external 
centres, and each external centre, with a pair of internal 
centres ; and the quadrilateral formed by these four great 
circles is such that the triangle formed by the poles of the 
small circles is its diagonal triangle. 

Cor, — If a circle touch two others, the spherical chord of 
contact passes through a centre of similitude of the two. 

Examples. 

1. If an infinite number of emaU circles touch two others, the radical axis 
of each pair that can be taken passes through the external centre of simili- 
tude, when the two contacts are of the same kind, and through the internal 
centre when they are of different kinds. 

[Since the points of contact are inversely corresponding points, the pro- 
duct of the tangents of the halves^ of the arcs between them and a centre of 
similitude is constant, and the same for any two having the same kind of 
contact. Therefore the tangents from it to these circles are equal, and hence 
it is a point on their radical axis.] < 



\ 
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2. If a system of circles have the same kind of contact with two given 

ones, they ar^ all cut orthogonally hy a circle having its pole at a centre of 

similitude. 

[Apply Ex. 1.] 

3. If two circles touch each other, and also two given circles, either both 
internally or both externally, the locus of the point of contact is a circle 
having its pole at the external centre of similitude of the given circles. 

4. The envelope of a circle touching a given one, and cutting another 
orthogonally, is a small circle. 

5. Great circles touching a pair of small circles at a pair of inversely 

corresponding points make equal angles with the great circle joining the 

points. 

[Art. 163, Cor. 1]. 

6. Tangents at coiresponding points are equally inclined to the secant, 
and hence tangents at non-corresponding points are equal, and therefore 
meet on the radical axis. « 

7. Describe a circle through a given point on a sphere to touch two given 
circles. 

[Join the given point ^ to a centre of similitude 0, and the point B, 
where it meets the required circle again, is determined by the fact tbat 
tan J GA tan J OB is given. Hence the problem is reduced to describing a 
circle through two points to touch a given one, which, by Art. 43, is re- 
duced to describing a circle through three given points.] 

8. Describe a small circle touching three given small circles. 

[Four pairs may be described as in piano by aid of the four axes of simi- 
litude.] 

9. Each of the pairs of circles which can be drawn to touch three given 
circles have the radical centre of the given circles for internal centre of 
similitude, and the radical axis of each pair is a corresponding axis of simi- 
litude. 

# 

10. A great circle drawn from the radical centre perpendicular to the axis 
of similitude, corresponding to a pair of touching circles, passes through 
their poles. 

11. The circle orthogonal to three given circles belongs to each of the 
systems of circles coaxal respectively with each of the four pairs of circles 
which can be drawn touching the given circles. 
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Section V. 
Spherical Inversion, 

166. InTerse Points. — In plane geometry, when two 
points are so situated on a diameter of a circle that the rect- 
angle under their distances from its centre is equal t» the 
square of its radius, each point is termed the inverse of the 
other with respect to the circle. So on the sphere, any two 
points A and A' (fig. 67) so situated on any spherical 
radius of a circle, that 

tan i OA tan J OA' = tan^ J a 




Fig. 67. 

(where Ois the pole of the circle, and a its angular radius), 
may be termed Inverse Points, each of the other, with re- 
spect to the circle on the sphere. The circle is called, in 
relation to the points, the Circle of Inversion, its angular 
radius the Badius of Inversion, and its spherical centre the 
Centre of Inversion, or Origin. 

More generally, any three points situated on a great * 
circle are i?uch that any pair of them are inverse points 
with respect to a circle, real or imaginary, having the 
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third for pole — the circle being real or imaginary, accord- 
ing as the points lie on the same side or opposite sides of 
its pole. 

Cor. 1. — The inverse of the centre of inversion is 180° 
distant from it, t. e* the diametrically opposite point. 

Cor. 2. — ^Any point on the sphere has one and only one 
inverse with respect to any given circle. 

Cor. 3. — ^Any point on the circle of inversion is its own 
inverse. 

Cor. 4. — Any two points -4, jB, and their inverses A\ JS^ 
are eoncyclic. 

[For tani OA tan i OA' = tan J OB tanj 0^]. 

Examples. 

1. Any circle passing through a pair of inverse points intersects the circle- 
of inversion orthogonally. 

2. The limiting points of a system of coaxal circles are inverse points 
with respect to every circle of the system. 

[For any circle passing through them intersects every circle of the systen^ 
orthogonally.] 

3. If two circles intersect orthogonally, each meets every spherical dia- 
meter of the other, in a pair of inverse points with respect to it. 

4. Any two circles have a common pair of inverse points, viz. thezr limit- 
ing points. 

6. If a circle passes through a pair of inverse points with respect to one 
circle, and also through a pair of inverse points with respect to another ; it 
also passes through their common pair of inverse points. 

[For, by Ex. 1, it intersects both circles orthogonally.] 

6. If ^ and A' be a pair of 4nverse points on a diameter MNot a small 
circle whose pole is 0, show that 

BJnOA _ sin^ i MA __ sin^ j NA 
sin OA' ~ sin* J Jf^' "" sm^Ji^'' 
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[We have 



tan^ OA __ tauL^OM _ tan|0^ + taD| OM 
tan^ OM " tsm^OA* "^ tanj 0M± tan J 0^ 



» » 



.therefore 



JOZ" Vtan iOif± tan J (?^7 ' ®'-' 
NoTB — The analogue in piano is 



tan 
tanj 






Qji I %rj \ 2 / 7V>i\ 2 



7. If X be any variable point on a small circle, A and A' two inverse 
points with respect to it, the pole of the circle ; sliow that 

sin OA _l — cos AX __ /sin J ^X\ * 
sin 0-4' " 1-cos^'i - Vsini^'i/ ' 

[We have 

sin A A' cos OX + sin 0^' cos AX = sin 0.4 cos A'X. (1) 

But tan}0-4tanJ0-4' = tan8J0X 

Therefore 

cos J (0^ + 0^') 1 - tan^ J OX 



cos ^ (0^ - OA') 1 + tan- J OJC 



= cos ox. 



which, when substituted for cos OX in (1), gives at once the required re- 
sult.] 

8. Find the locus of a point such that the sines of the halves of its angular 
distances from two fixed points have a constant ratio. (Cf. Exam. Paper, 
VI., Ex. 2.) 

[It follows from Ex. 7 that the locus is a circle having the fixed points for 
a pair of inverse points, as is also evident from Art. 160.] 

9. Hence determine a point, the ratios of the sines of the halves of whose 
angular distances from three fixed points shall be given. 

167. Inverse Figures. — Any jfigure {F) on a sphere 
may be transformed into another (F) by changing all its 
points into their inverses with respect to any circle chosen 
Arbitrarily. This process of transformation is termed 
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Inversion^ and the figures F and F are said to be Inverse 
Figures, Thus, if the point A (fig. 67) describe any curve, 
its inverse A' will describe another curve, viz. the inverse 
of that described by A, 

Any great circle drawn through the centre of inversion 
meets the curves F and F' in pairs of inverse points ; the 
points in which it meets one curve being the inverses of 
the corresponding points in which it meets the other. It is 
thus clear that the great circle joining two corresponding 
points passes through the centre of inversion. The follow- 
ing corollaries wiU be evident from the definitions. 

Cor. 1. — The points of intersection of a curve and it& 
inverse lie on the circle of inversion. 

Cor. 2. — The tangents from the centre of inversion ta 
any curve are also tangents to its inverse at the correspond- 
ingpoints. 

Cor. 3. — If two curves touch each other, their inverses 
will also touch each other at the corresponding points. 

[For at each point of contact the curves have two con- 
secutive points common, and therefore their inverses have 
also two consecutive points common at each of the corre- 
sponding points.] 

168. Tlieoreiii. — The tangents to a curve and its inverse 
at two corresponding points are equally inclined to the great 
circle Joining the points. 

Let A aiid B (fig. 67) be two consecutive points on any 
curve ; then -4' and JB', their inverses, will be consecutive 
points on the inverse curve, and the great circles AB and 
A^B' will be tangents to the two curves at A and A^ ; but 
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the four points Ay By A\ ff are coney oKc (Art. 166, Cor. 4), 
-and therefore AB and A'B^ are tangents to a small circle, 
-and AA\ is their chord of contact. Therefore AB and 
A'B^ are equally inclined to AA\ 

Cor. — The angle of intersection of two spherical curves is 
^qtcal to the angle of intersection of their inverse curves at the 
corresponding point. 

[For, by the foregoing theorem, if -4 be a point of in- 
tersection of two curves, and A' the corresponding point of 
intersection of their inverses; then the tangents to the 
curves at Ay and the tangents at A' to their inverses make 
the same angles with AA'y and therefore the angle between 
the former pair of tangents is equal to the angle between 
the latter pair. 

Cor. 3, Art. 167, is obviously a particular case of the 
:above.] 

169. Theorem. — The inverse of any circle on a sphere 
is a circle. 

This theorem has been abeady anticipated in Art. 164, 
Cor. 1, from which it follows at once that any pair of circles 
.are inverses, each of the other, with respect to a centre of 
similitude as origin and radius of inversion (a) given by 
the equation (fig. 65) 

tan' ia = tani OTi tan i OT^. 

When the radius of inversion is given, and the origin fixed, 
this equation determines the points of contact of the in- 
verse circle with the common tangents, and therefore fixes 
it in magnitude and position. The following is a direct 
investigation of the theorem, and of the position and radius 
of the inverse circle. 
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Let (fig. 68) be the centre of inversion, P the pole of 
the circle, A any point on it, and A' its inverse. Draw 




Fig. 68. 

the arc A'F, making OAF" = OBP = 6^, and denote OP 
and OP" by S and 8', PA and P^A' by r and /, respec- 
tively ; then if AOP = 0, we have 

sin S sin S^ sin 



or 



sin r sin / sin ^ ' 

tani(y + /) tani(8 + r) 
tani(8'-/) "tani(8-r)' 



(1) 



Also, by Napier's Analogies applied to the triangles OP A 
and OPjB, we have 



But 



and 



tan \ {I' + /) _^ tan \ OA' 
tan i (8 + r) " tan i OB ' 

tan J OA tan i 0-4' = tan'* J a ; 



(2) 



tan i OA tan i OP = tan i (8 4- r) tan i (8 

by Art. 43. Hence from (2) we find 

tan* i a 



-r), 



tan i (8' +V) = 



tan i (i - j-y 



144 The Small Circle. 

and therefore, by (1), 

._, ,. tan' i a 

tan i (S^ - r ) = 7 — Y-j^ ;• 

* ^ ^ tan i (S + r) 

Hence we have finally, by taking tan (sum), and tan (difEer- 
ence) after a little simple reduction, 

, sin' a sin r sin' a tan r 

tanr = 



(1+cos'a) cosr-2co8acos8 1-2 cos a cos ^+ cos' a* 
nnd 

- sin' fl sin 8 - sin' a tan S 



lanS'^ 



(l + cos*a) cos 8-2 cosa cosr l-2cosa8ec^ + cos'a 



These equations, since they determine r' and ^ in terms of 
r and S, show that the point P' is fixed, and that -4' describes 
a circle round it as pole. 

Cor, 1. — ^Any great circle drawn through the centre of 
inversion intersects a circle and its inverse at equal angles. 

[Of. Art. 163, Cor, 1, which is only a particular case of 
Art. 168.] 

Cor, 2. — Any circle, its inverse, and the circle of inver* 
sion, are coaxal. 

Cor, 3. — The centre of inversion is a centre of similitude 
of the circle and its inverse. 

Cor. ^.-Eyy great circle is its own inverse when the 
centre of inversion is situated on it. 

Cor. 5. — When the radius of inversion is 90° {i. e, when 
the circle of inversion is a great circle), every circle is in- 
^erted into an equal circle, and therefore every great circle 
into a great circle. 
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Cor. 6. — When the centre of inversion is on the cirole^ 
the inverse circle passes through the point diametrically 
opposite to the origin; and, conversely, when a circle paetees 
through the point diametrically opposite to the origin, the 
inverse circle passes through the centre of inversion* 

Cor. 7. — If two circles touch (or intersect orthogonally), 
their inverses touch (or intersect orthogonally). 

[Art. 168.] 

Hence every spherical diameter of a circle inverts into 
a circle, cutting the inverse circle orthogonally. 

Cor. 8. — Two circles and their inverses are a system of 
four circles, such that any circle touching any three of 
them also touches the fourth. 

Cor. 9. — Any circle can be inverted into a great circle, 

[For, if / = 90°, we have 2 cos a cos 8 = (1 + cos' a) cos /•, 
which determines S in terms of a and r.] 

Cor. 10. — Hence the locus of a point from which, as 
centre of inversion, a circle is inverted into a great circle 
(or circle of given angular radius) is a small circle, copolar 
with the given circle, and its angular radius (S) is given 
by the equation 

^ cosr ,, _ . l + tan*ia 

cos S = X (1 + cos* a) = cos r :; -y— . 

2 cos a ' 1 - tan* i a 

Remark. — ^The locus circle coincides with the given circle 
when it is a great circle, which agrees with Cor. 4, or when 
a = 0. The above formula reduces in piano to S = r, or the 
locus circle coincides with the given circle. 

Cor. 11. — Hence any two circles can be inverted into 
two great circles, viz. from either of the points of intersec- 
tion of the two locus circles of Cor. 10 as centre of inver- 
sion. 

PA&T II. L 
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Cor. 12. — ^Any three circles can be inverted into three 
circles whose poles are concyclio. 

[For any three circles have a common orthogonal circle, 
which can be inverted into a great circle, intersecting the 
inverses of the three given circles orthogonally, and there- 
fore their poles lie on it.] 

Cor. 13. — The equation of Cor. 10 gives 

2 , /cos 8 - cos r / — - 

tan i a = / =^ = v^ - 1 tan 5 r, 

y cos + cos r 

where t is the tangent from the origin to the circle. Hence 
a is imaginary, unless is less than r ; that is, if the radius 
of inversion is real, the locus circle of Cor. 10 lies entirely 
within the given circle. 

170. Theorem. — Any pointy Ay and its inverse^ S, with 
respect to any circle, C, invert into a pair of inverse points, 
A' and B^, with respect to the inverse circle, C\ 

For every circle through A and B intersects C ortho- 
gonally ; hence -4' and B^ are so situated, with respect to 
C\ that every circle passing through them (viz. the in- 
verses of those passitig through A and B) intersects C 
orthogonally ; and therefore A' and B" are inverse points 
with respect to C\ 

Cor. — Any two circles (or curves), and their circle of 
inversion, invert into two circles (or curves), and their 
circle of inversion. 

171. Problem. — To invert a circle into itself. 

Take any point, 0, on the sphere for centre of inver- 
sion. With as pole, describe a circle to cut the given 
circle orthogonally. Draw any great circle, OAA\ to 
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meet the given circle in A and -4'; then A and -4' are 
inverse points with respect to the orthogonal circle. For 
tan ^ OA tan ^ OA' = tan* J OT, where OT is the tangent 
from to the given circle, and is equal to the angular 
radius of the orthogonal circle. Therefore any circle 
inverts into itself, with respect to any orthogonal circle^ as 
circle of inversion. 

For this reason the latter circle is called the Circle of 
Self-Inversion. 

Cor. 1. — ^Any two circles can be inverted into them- ' 
selves, the centre of inversion being any point on their 
radical axis, and the circle of self-inversion any common 
orthogonal circle. 

Cor. 2. — Any three circles can be inverted into them- 
selves, the centre of inversion being their radical centre, 
and their circle of self -inversion being the circle which 
intersects the three orthogonally. 

Cor. 3. — If two circles be inverted into themselves, the 
great circle joining their poles will be inverted into a 
circle cutting both orthogonally (Art. 168). Hence any 
<iircle cutting two orthogonally may be regarded as the inverse 
of the great circle joining their poles. 

172. Problem. — To invert any two circles into two equal 
circles. 

Let ri and r^ be the angular radii of the circles ; Si and ^2 
the angular distances of their poles from the centre of 
inversion. Then, by Art. 168, since they are to be 
inverted into equal circles, we have 

sin ri sin rz 

{ 1 + CDS'* a) cos ri — 2 cos a cos $i (1 + cos* a) cos rj — 2 cos a cos S2' 

L2 
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which is a linear relation between cos 81 and cos 82 ; and 
therefore the centre of inversion may lie anywhere on the 
circle represented by it (Art. 134). 

Thus the locus of a point from whichy as centre of inver- 
sion, two circles can be inverted into two equal circles, is a 
small circle. 

Cor. 1. — Any three circles can be inverted into three 
equal circles ; and hence a circle can be described to touch 
three circles on a sphere, or to intersect three circles at 
given angles. 

Cor. 2. — The circle which is the locus of the centre 
of inversion, in the foregoing Problem, is coaxal with 
the two given circles only when they are equal, in which 
case it is their radical axis. 

Cor. 3. — Ani/ two circles can be inverted into two circles 
having the tangents of their radii in a constant ratio, and the 
locus of the origin is a circle. 

Cor. 4. — ^Any three circles can be inverted into three 
circles, having the tangents of their radii in any ratio 
l:m:n. 

173. Theorem. — The anharmonic ratio of any four 
points, A, B, C, D, on a circle, is equal to the anharmonic 
ratio of their four inverses, A\ W, C", If, on the inverse 
circle. 

From 0, the centre of inversion, draw a common 
tangent to the circle and its inverse, and let its points of 
contact with them be Tand T, respectively. Then, sinoe 
T, A, T', A! are concyclic, TA and TA! meet on the radi- 
cal axis of the two circles (of. Art. 164, Cor. 3). Similarly, 
TB and TS, TC and TC\ TD and T'D', meet on the 
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radical axis. Hence, by Art. 137, Cor. 2, the anhannoni<5 
ratios of the pencils T . ABCD and T\ ABO'D' are 
-equal. Therefore, &c., by Art. 150. 

Cor. 1. — A harmonic system of points on a circle in- 
yerts into a harmonic system of points on a circle. 

Cor. 2. — If A^ jB, C, B be any four points on a circle, 
A\ l^y C\ If their inverses, then, by Art. 150, 

sin J J?(7 sin i -4D _^ sin ^ (7^ sin J J?D 
siniirO'sini^'Zy'sinia'^'sini^iy 

sin \ AB sin \ CD 
" sin i ^'J?' sin i O'jD'' 

174. Theorem. — The common tangent, ty and the an- 
gular radii, ri and r%y of two circles, are connected icith the 
common tangent, t\ and angular radii, r\, r\ of the inverse 
circles by the relation 

sin^ i t sin* i t' 



? = sin' i a. 



tan n tan rz tan r/ tan r^ 

where a is the angle of intersection of the circles. 

Let S denote the angular distance between the poles of 
the circles. Then 

cos 8 = cos ri cos r^ + sin n sin r2 cos a. 
Also cos S = sin ri sin rj + cos n cos r^ cos t. 

Therefore 1 - cos ^ = tan ri tan r^ (1 - cos a) ; 

or 

sin* it . „ , 

;: — = sm* ha. 

tann tanr2 

Now the angle of intersection of two curves is equal to 
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the angle of intersection of their inverses. Hence the 
theorem is obvious. 

Remark, — If the circles do not intersect in real points 
they may still be regarded as intersecting in two imagi- 
nary points, and at an imaginary angle. The student 
who is desirous of establishing the theorem independently 
for non-intersecting circles may apply the method used by 
Professor Casey {Sequel to Uuclid) to establish the ana- 
logue in planOy viz., 

t^ if^ 

= -7—7 (= 4sin*4-a). 

ri rz ri r/ ^ ^ 

Cor. 1. — If ri, rzy ra, ^4 be the spherical radii of four 
circles, tn, ^23, &c., their common tangents, we have the 
relation 

sin i ^23 sin ^ tu + sin J ^si sin J ^2* + sin J ^12 sin J ^34 = 0. 

[For if four circles of angular radii, /oi, /02, /03, piy touch a 
great circk in points Ai, A2, Az^ A^^ we have 

sin i ^2-^3 sin ^ -4i-44 + sin ^ A^A^ sin i -42-^4 

-f sin i AiA2 sin | -43^4 = 0. 

Dividing this equation by v^tan pi tan p^ tan pz tan /04, and 
inverting, it becomes, by the above theorem, the relation 

in question divided by -v/tan n tan r^ tan r^ tan r4 ; &c.] 
This relation may be regarded as the criterion that four 

circles should be touched by a fifth. A direct deduction 

of it is given in Chap. XV., Prop. i. 

When three of the circles reduce to points, this corollary 

gives us the condition of Art. 160, Cor. 4, that the circum- 

circle of a triangle should touch a given circle ; and when 
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the four circles become points, it reduces to the well- 
known analogue of Ptolemy's Theorem (Art. 25, Ex. 6). 

Cor. 2. — Using the criterion of Cor. 1, it follows at 
once that the inscribed and three escribed circles of a 
spherical triangle are all touched by a fifth circle, viz.^ 
Hart's Circle. 

[For the common tangents are ft + c, 6 - c, c + a, c - «, 
a + b, a - b, the transverse common tangents to the in- 
circle with the ex-circles being taken because the contact 
of the circle with the in-circle differs from that with the 
ex-circles.] 

Cor. 3. — If four circles be touched by a fifth, their 
angles of intersection are connected by the relation 

sin ^ 023 sin ^ au + sin ^ an sin iau + sin ^ ai2 sin ^ 034 = 0. 

Examples. 

1. The points where two circles are intersected by any orthogonal circle 
connect concurrently with the points where the great circle joining their 
poles meets them. 

[For the two circles can be inverted into themselves, and the great circle 
joining their poles inverts into a circle cutting them orthogonally ; hence 
the former set of points may be regarded as the inverses of the latter, and 
they, therefore, connect concurrently with them, the point of concurrence 
being the centre of inversion, i.e. a point on the radical axis of the circles.] 

2. Every point of intersection (or point of contact) of a curve with the 
circle of inversion is also a point of intersection (or contact) of the inverse 
curve with the circle of inversion, and the angles of intersection of each 
curve with the circle are equal. 

[This is a particular case of Art. 168, since the circle of inversion is its 
own inverse.] 

3. Any circle passing through a pair of inverse points meets any curve 
and its inverse in corresponding points ; and any such circle which touches 
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the ciirve also touches its inverse, or, more generally, intersects the curve 
and its inverse at equal angles at each pair of corresponding points. 

[A circle passing through a pair of inverse points is its own inverse. 
Therefore, &c., hy Art. 168.] 

4. A system of coaxal circles of either species inverts into a system of 
coaxal circles of the same species ; and if the centre of inversion he one of 
the common points of the system, the common points of the inverse system 
are the point diametrically opposite to the origin, and the inverse of the 
other common point. 

6. Any system of concurrent great circles inverts into a system of coaxal 
circles ; the common points of the system heing the inverses of the common 
points of the great circles. 

6. A system of circles having the same spherical centre {i.e, a copolar 
system) inverts into a system of circles cut orthogonally hy a coaxal system, 
i. e. the system inverts into a coaxal system. 

[For the copolar system of circles is cut orthogonally hy their common 
system of secondaries, which inverts (Ex. 5) into a coaxal system, inter- 
secting orthogdhally the inverses of the copolar system.] 

7. The great circle joining the origin to the common pole of the copolar 
system (Ex. 6) is the locus of the poles of the coaxal system into which the 
copolar system inverts, and the limiting points of the inverse system are the 
inverses of the two poles of the copolar system. 

8. Any circle may he regcirded as the inverse of any other with respect 
to two points as origin, viz. their two centres of similitude. 

9. If the common points of a coaxal system of circles coincide, the 
system inverts from that common point as origin into a system of coaxal 
circles, whose common points coincide with the point diametrically opposite 
to the origin. 

10. A system of circles having a common orthogonal circle can he in- 
verted into a system of circles whose poles lie on a great circle. 

[For the common orthogonal circle can he inverted into a great circle, 
which will intersect the inverses of the other circles orthogonally, and 
therefore pass through their poles.] 

11. Hence, the locus of a point from which, as centre of inversion, a 
system of circles having a common orthogonal circle can he inverted into 
a system having their poles concyclic, is a circle. 

Note. — In piano this circle coincides with the common orthogonal 
«ircle. 
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12. If three circles touch a circle passing through the point diametricallj 
opposite to their radical centre, they also touch a circle passing throng) i 
their radical centre. 

[Invert from the radical centre as origin ; then the three circles can be 
inverted into themselves, and the circle touching them inverts into a circle 
touching them and passing through the origin.] 

13. Since a system of copolar circles is intersected orthogonally by their 
common system of secondaries, they are a coaxal system of the limiting 
point species, their common poles being their limiting points. So also a 
system of concurrent great circles forms a coaxal system of the common 
point species. 

Smee a system of coaxal circles can be inverted into a copolar aystetn hy 
inverting the limiting points into two diametrically opposite points, and into 
a system of great circles by inverting the eprntnon pointn into two diametricallg 
4>pposite points, 

14. Hence show that if a variable circle intersects two fixed circles at 
constant angles, it intersects any circle coaxal with them at a constant 
angle, and touches two of the system. 

[Invert the coaxal system into a system of concurrent great circles. 
Then the variable circle inverts into a circle cutting two of the great circles 
at constant angles, and it therefore intersects any other of them at a constant 
angle, and touches two of them.] 

16. If a be the radius of inversion, every spherical figure inverts into its 
•diametrically opposite when 

tan2Jo = -l; 

and every figure inverts into its reflection, with respect to the great circle 
of which the origin is the pole, when 

tan'^ J a = + 1. 
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CHAPTER XIII. 

PROJECTION. 

Section I. 
Spherical Projection. 

176. We have already deduced many theorems concern- 
ing plane figures from the more general theorems con- 
oeming the corresponding spherical figures. We shall 
now proceed to show how, when we are given a theorem 
oonceming a plane figure, we may deduce the analogous 
theorem for the corresponding spherical figure, a process 
which will recommend itself to the student, as it is a 
method of discovery, and enables us to rise from the 
particular to the more general. 

176. Surface and Centre of Projection. — If all 

the points of any figure or curve be joined by right lines 
to a fixed point (0) in space, the joining lines will form 
a cone, having its vertex at 0, and the section of this 
cone, by any surface, will constitute a figure called the 
Projection of the original figure on that surface. 

Thus, for example, in the figure of Art. 11, a cone 
is formed by drawing lines from to the contour of the 
figure ABCD» This cone meets a sphere, having its centre 
at O, in the figure AB'C'If^ which is the projection of 
ABCD on the sphere. 

The surface on which any figure is projected is called 
the Surface of Projection y and the point 0, from which 
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the right lines axe drawn, is called the Centre of Projection. 
In the example just cited the sphere is the surface of pro- 
jection, and its centre (0) the centre of projection. 

In what follows we shall deal only with the projection 
of figures from a plane upon a sphere, or vice versa, and in 
all cases either figure may be regarded as the projection 
of the other. In what is called Spherical Projection, the 
surface of projection is a sphere whose centre is the centre^ 
of projection. 

177. From the very manner in which projection is per- 
formed, the following principles will appear self-evident : — 

(a) Each point of the original figure will give rise to a 
point in the projected figure. Two such points are called 
Corresponding Points. 

(/3) Any two points of the original figure, and their 
two correspondiug points in its projection, subtend the 
same angle at the centre of projection. Hence, by con- 
sidering two coi^secutive points, it follows that — 

(1) A tangent to the original figure is projected inta 

a tangent to its projection at the corresponding 
point. 

(2) If two curves touch each other at any number of 

points, their projections will touch each other 
at the correspondiDg points. 
[In this case the cones from the centre of projection to 
the two curves touch each other along the edges to the^ 
points of contact of the curves.] 

(y) The surface of projection being a sphere, and the 
centre of projection its centre, any right line will bo 
projected into a great circle. 
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[For the lines joining the centre of the sphere to the 
line will form a plane which will meet the sphere in 
a great circle, since it passes through the centre.] 

The following Examples will serve to illustrate the 
method. In many cases simplicity and advantage will 
be gained by a judicious selection of the position of the 
<5entre of projection : — 



1. The bisectors of the sides of a 
plane triangle are concurrent. 



1. The bisectors of the sides of a 
spherical triangle are concurrent. 



Take any sphere passing through the vertices of the plane triangle, 
the centre of projection being at its centre. Then the lines joining the 
•centre of the sphere to the middle points of the sides of the plane triangle 
will pass through the middle points of the sides of the spherical triangle into 
which the plane triangle projects ; and therefore the bisectors of the sides of 
one project into the bisectors of the sides of the other. Hence, if one triad 
be concurrent, the planes joining them to the centre of the sphere will each 
pass through the line joining the point of concurrence to the centre of the 
sphere ; and the second triad must necessarily pass through the point where 
this line meets the triangle to which they belong. 



2. The perpendiculars of a plane 
triangle are concurrent. 



2. The perpendiculars of a spheri- 
cal triangle are concurrent. 



For the sake of clearness, take the plane of the triangle horizontal, and 
the centre of projection anywhere on the vertical through its orthocentre. 
Then the triad of planes joining the centre of projection to the perpen- 
•diculars of the triangle will be vertical, and perpendicular to the plane of 
the triangle, and to the corresponding sides of it, and therefore to the planes 
Joining the centre of projection to these sides. But this latter triad meets a 
sphere (described round the centre of projection) in a spherical triangle; and, 
by what has been said, the former triad meets it in great circles passing 
through the vertices of this triangle, and perpendicular to its side : each of 
these perpendiculara must obviously pass through the point where the line 
joining the orthocentre to the centre of the sphere meets it. 

3. The perpendiculars to the sides of a spherical triangle at their middle 
points are concurrent. 
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[Take the centre of projection on the perpendicular to the plane of the 
plane triangle at the centre of its circnmcircle^ and the circumcircle of one 
triangle will be the projection of the circumcircle of the other.] 

4. The bisectors of the angles of a spherical triangle are concurrent. 
[Take the centre of projection on the line perpendicular to the plane 

triangle at its in-centre.] 

5. If a spherical hexagon be inscribed in a small circle, the intersections 
of the opposite sides lie on a great circle. 

[Take the centre of projection on the perpendicular to the plane of the 
hexagon at the centre of the circle.] 

6. If a spherical hexagon be circumscribed to a small circle, the arcs 
joining the opposite vertices are concurrent. 

7. The arcs joining the vertices of a spherical triangle to the points of 
contact of its in-circle with the opposite sides are concurrent. 

[Take the centre of projection on the perpendicular to the plane tritmgle 
at its in-centre.] 

8. If the sides of a spherical triangle pass each through one of three 
fixed points lying on a great circle, and if two of the vertices move on two* 
great circles, the locus of the third is a great circle passing through their 
intersection ; and, reciprocally, 

9. If a spherical quadrilateral be divided into any two others by an arc of 
a great circle drawn across it, the arc joining the intersections of the 
diagonals of the quadrilaterals into which it is divided passes through the 
intersection of the diagonals of the whole quadrilateral. 

178. The preceding examples, since they deal only with 
the relative positions of points and lines, helong to the 
class termed Chraphical by Ponoelet. The following, since 
they deal with the relative magnitudes of lines, have been 
styled Metrical, 



1. If from the angles Ay B, Coi& 
plane triangle lines be drawn meet- 
ing in a point P, and cutting the 
opposite sides in A\ B', (f \ then 



BCf . CA' . AB* 
B'C.CA.A'Ji 



= 1. 



1. If from the angles A^ B, C 
of a spherical triangle great circles 
be drawn meeting in a point P, and 
cutting the opposite sides in A\ B\ 
C; then 

sin -BC" sin (7-4' sin ^5' 



sin B'C sin CA sin A'B 



= 1. 
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The plane triangle and its triad of concurrent lines will project into a spheri- 
cal triangle, and a triad of concurrent arcs through its vertices. If, for 
brevity, we denote the segments of the sides of the spherical triangle by ai, 
«2, ; hf h'y ci, C2 ; then being the centre of projection, we have from, the 
system of lines joining it to the plane triangle, 



Similarly, 



AC _ AOsmAOC _ AO sin ci 
5? "" BO sin BOC " BO sin C2 



BA' _ BO sinai ^ ^' _ CO^iih. 
CA' " 00 811102' "^ aF " AO sin^ ' 



therefore, etc. The same process will establish the following general 
theorem. 

If the product of one set of right lines hears a constant ratio to the product 
of another set, each line of one set being in direction with a corresponding line 
of the other set, and the entire system of extremities of the lines of one set being 
the same as the entire system of the extremities of the other ; then the continued 
product of the sines of the ares into which one set is projected will bear the 
same ratio to the continued product of the sines of the arcs into which the other 
set is projected. (Cf. Art. 137.) 

2. If a great cii'cle be drawn across the sides of a spherical triangle, the 
product of the sines of one set of alternate segments is equal to the product 
of the sines of the other set. 

3. If from any point P on a sphere a great circle be drawn cutting any 

number of fixed great circles in points Ai, A2, Az, &c., and if a point X be 

taken on it, such that 

cotPX = 2cotP^, 

the locus of 2 is a great circle. 

4. If a linel>e drawn parallel to a pair of opposite sides of a parallelogram 
ABCDy meeting AD in Jf, and BC in N; and if another line parallel to AD 
and BC meet AB in P, and CD in Q ; then, obviously, 

AP.BN. CQ . DM=: FB . KC. QD.MA. 

Hence, if from the extremities of the third diagonal of a complete quadri- 
lateral on a sphere arcs be drawn, each cutting a pair of opposite sides, the 
products of the sines of the alternate segments are equal. 



Theorem. 
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Section II. 

Stereographic Projection, 

179. DefinitioD. — The Stereographic Projection of a 
spherical curve is the figure obtained by projecting the 
curve on the plane of a great circle, the pole of this great 
circle being the centre of projection. Thus, the centre of 
projection is a point on the surface of the sphere, and the 
surface of projection is a plane passing through the centre 
of the sphere, parallel to the tangent plane at the centre of 
projection. 

180. Theorem. — The stereographic projection of any 
circle, great or small, not passing through the centre of pro- 
jection, is a circle. 




Fig. 69. 

Let Q (fig. 69) be any point on the circle, and let P be 
the vertex of a cone touching the sphere around the circle. 
Then, if be the centre of projection, and p and q the 
projections of P and Q, the plane OPQ will meet the plane 
of projection in a line pq, the tangent plane at in a 
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paraUel line ORy and the sphere in a circle to which OR 
and PQ are tangents, OQ being their chord of contact. 
Hence the angles PQO^ ROQ, and Qqp are equal, and 
therefore, since the triangles OQP and Oqp have one angle 
common, and the angles at Q and q supplemental, we 

have 

Op 
pq ^^ PQ -p-=^ = constant. 

Hence q describes a circle round p as centre. 

Cor. — Any circle passing through the centre of projec- 
tion is projected into a right line, viz. the line in which 
the plane of the circle meets the plane of projection. 

181. Lemma. — Two right lines containing an angle mil be 
projected into two others containing an equal angle^ when the 
line joining the centre of projection to the vertex of the given 
angle makes equal angles^ in opposite directions^ with the plane 
of projection and the plane of the given angle^ and when it is 
also perpendicular to the line of intersection of these planes. 

Let the line joining C, the centre of projection to F, the 
vertex of the given angle, meet the plane of projection, 
MA'ffN (fig. 70), in the point 0. With as centre, and 
a radius OC, describe a sphere. Through draw OA and 
OB parallel to the lines containing the given angle, and 
let 0-4' and OB^ be their projections. Draw a great circle, 
MPQNj through IfJV, having C for pole. Then, by the 
conditions of the problem, since the planes ABN and 
A^B'Naxe equally inclined to OF, they are equally in- 
clined to PQN; and since the angles at P and Q are right, 
we have, from the triangles ANP and A'NPy AP = A'Py 



Angles Unaltered hy Stereographic F rejection. 161 

and therefore ^Or= ^'jY. Similarly, £iV^ = ^i^T. Hence 
AB = A'ff'^ therefore, &c. 




c 

Fig. 70. 

182. Angles mialtered by Stereosraphic Projee- 
tion. — ITie angles of intersection of any two spherical curves 
are equal to the angles of intersection of their projections at 
the corresponding point. 

Let Q be a point of intersection of two curves (fig. 69). 
Draw tangent lines to the carves at Q. The angle between 
the tangents is equal to the angle of intersection of the 
curves. Now, the plane of the tangents at Q being a 
tangent plane to the sphere, meets the tangent plane at 0, 
and therefore the plane of projection, in a line perpendi- 
cular to OQy since the line of intersection of two tangent 
planes to a sphere is perpendicular to their chord of con- 
tact, and it is clear that OQ meets the tangent plane at Q» 
or the plane of the angle, and the plane of projection at 
equal angles in opposite directions. Hence the theorem 
follows by the foregoing lemma. 
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Projection, 



183. Theorem. — The stereographic projection of any 
4pherical curve is its inverse with respect to the centre of pro- 
jection as origin^ 

Let Q (fig. 69) be any point on the curve. Join Q to 
(/, the point diametrically opposite to 0, and let the pro- 
jection of Qbe joined to C, the centre of the sphere. Then 
the angle OCq is right, and OQff is also right, since it is 
in a semicircle. Therefore the quadrilateral CO'Qq is 
insoribable in a circle, and 

OQ.Oq^Oa. 00=27^. 

Hence q is the inverse of Q vrith respect to the centre of 
projection as origin, and a radius of inversion equal to 

r -v/2> where r is the radius of the sphere. 

184. ittereographic Projection of a fi^pherical 
Triangle. 




Let ABC (fig. 71) be a spherical triangle, and O the 
point diametrically opppsite to -4, the centre of projection. 



Stereographic Projection of a Spherical Triangle. 163 

According to what has been shown, the sides AB and AC 
project into the right lines ab and ac^ and the side BCS 
projects into a circle hch\ Again, if tangents hi and c^be 
drawn to this circle at h and c^ the angles hac^ tba^ and tea 
are equal to Ay B, and C, respectively (Art. 182). There- 
fore, if the chords be and b'c be drawn, we have 

A + B ^C-7r = 2tbc = 2bb'c {Eac. III., xxxii.). 

Hence the angle bb'c is half the spherical excess of the triangle 
ABC, 

Cor. 1. — Having given the base AB and the area of the 
spherical triangle, the locus of the vertex Cis a small circle 
passing through the points diametrically opposite to the 
extremities of the base. 

[For, since the area is given, the angle bVc is given, and 
the locus of c is a fixed line Vcy and therefore the locus of 
C is the circle in which the plane OcV meets the sphere.] 

Cor. 2. — The angles of the triangle dbc are 

AyB-iEyC- iE, i. e. Ay ^E^y ^E^. 

185. To express the sides of the triangles abe and aVc in 
terms of the sides of ABC. 

Let the radius of the sphere be of unit length. Then 

ab = tan ^0J3 = tan i c. (1) 

and 

ac = tan AOC = tan J6 ; (2) 

also, since the triangles BOC and bOc are similar, we have 



OC — OB.OC OB.OC 
since 06 . 05 = Sr* = 2 (see Art. 183). 

M2 
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Therefore 

- sin i a 

cos 5 COS Jo ^ ' 

Now, let ac meet the circle bcV again in c' ; then c' is the 
projection of (7, the point diametrically opposite to C ; and 
since the angle BOB is right, we have 

ab' = tan AOB" = cot i c, (4) 

and ac' = tan AOC = cot i 6 ; (5) 

therefore bb' - aft + a6' = 2 cosec c, (6) 

and cc -de + ac' =^2 cosec J ; (7) 

, 2^(7 cosier. 

^^'^ *' = ftB\OC " cosiftsini. ' ^^^ 

It is clear that aVc is the projection of the colunar triangle 
AffCf and that abc' is the projection of ABC Hence 
the equations (4), (5), (8), may be written down at once 
from the equations (1), (2), (3). Or thus: — Since Oa = 1, 
we have ab . aV = 1, and ac . ac' = 1, so also bV = Ob . Ob\ 
and c(^ - Oc . Oc\ &c. 

186. Area of a Spherical liuadrllateral. — Let 

ABCD be the quadrilateral ; a, by Cy dy its sides ABy BC^ 
CDy DAy respectively ; S and 8' its diagonals AC and BD. 
Project the quadrilateral stereographically, taking the 
point diametrically opposite to A for centre of projection. 
The projection will have two sides right lines, and two 
arcs of circles ; and if we draw tangents bt and ct to the 
arc bcy and tangents cf and dt' to the arc cdy we have 

JS;=.-4+J?+C+jD-2ir-2^6 + 2r(?rf=2J(;'rf, 
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c and c' being the points of intersection of the circles into 
which BC and CD project. Therefore the triangle bc'd 
gives 

sin* 4- j& = sin' i 6c t/ = ^^ tt-t^^-? ^. 

46c .oc 

Bnt 

, , sin JS' . , cos 4 6 , , cos ic 

6a = J j-^, 6c = 7 — : — T-= , dc = 



cos ^a cos ^d cos ^a sin ^S* cos ^es^ sin ^S* 

Therefore 

. (8in^8sinj5'+cosiacos^0— cosjdcos^)(8m|^8sin}8'-co6}aco8}0+oos^&ooei<l) 

* "" 4 cos ^a cos I & cos ^0 cos ^£^ 

(See Art. 112.) 

Examples. 

1 . The inscribed and escribed circles of a spherical triangle are all touched 
by another circle, viz. Dr. Hart's. Hence, by stereogruphic projection, we 
find Dr. Sarins extension of FeuerhaeVa Theorem^ yiz., *^ If the three sides 
of a plane triangle be replaced by three circles, then the four circles touch- 
ing these, which correspond to the in-circle and ex-circles of a plane tri* 
angle, are aU touched by another circle." 

2. Establish the formula 

cos a = cos b cos e + sin & sin c cos A. 
[The triangle abc gives 

(bcY = (caf + (tthy - 2 (ea) (ab) cos A, 
^Substituting from Art. 186, the required result is obtained.] 

3. Prove that 

sin^ sin^ sin<7 
sin a sin 6 sin c ' 

[If d be the diameter of the circle beb\ the angle which bb' subtends at 
any point of its circumference being tbb*f or B, we have 

bb' = da.nB, and a^= dsJnC. 
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Therefore 

sin^ bb' sin b 

sinC cc' m\e* 
4. Deduce the analogies of Napier and Delamhre. 

I The triangle air gives 

A A 
tan \{b — c) ac - ab 

, A ae-Y ab^ 

cot J a 

which transforms, hy Arts. 184 and 185, into 

, / « «x sin i (A — <?) ^ _ ^ 
tan^^-0= . ^ ■ coti^. 

Again, in any plane triangle, 

(b + c) sin ^ {b- e) sin ^ 

sin B-^smC sinJi — sin C 

or, 

(J + cysinJ-4 (i — <j)co8 J-4, 

*" C08i(J5-C) "^ 8inJ(^-C)'' 
Applying this formula to the triangle abe (fig. 71), we find 

. sin J (ft + c) RJn J ^ _ sin J (ft — c) cos J -4 "I 

"'^*'* " «08 J (i? - 6') " bin i (J? -6') 'J 

6. Establish Cagnoli's formula for sin } JB. 

[We have, from the triangle ab'c, . 

A 
sin ft' otf 

Ta "^ftV' 
sma 



(Art 185.)] 



or. 



.,„ . /^ac sinwftsinjc. . . ^ 

sm i -E = sin a — = — -. — — >m A ; «c. j 

^ be cosja 

6. Show that 

• 1 + cos « + cos ft + cos * 

cos 9 £ = — : X r-T ; — » 

^ 4 cos J a cos J ft cos J tf 

by applying to the triangle ab'c the formula 

A A 

aft' = d^ cos a + eft' cos b . 
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7. Prove that 



tan \E= A/tan J « tan J (« - a) tan J(« - <^) tan J (« - c), 

by applying the ordinary expression for the tangent of half an angle of a 
triangle to the angle ab'e, 

8. If R be the circumradins of a spherical triangle, show that 

tan J2 = ? 2—. 

n 

[Take the centre of projection diametrically opposite to A, then the 
spherical diameter of the circumcircle which passes through A projects 
into a line, viz., a diameter of the projection of the circumcircle, and the 
latter diameter ia obviously equal to tan It. But in a plane triangle we 
have 

abc 
E = — -, &c.] 

9. Having given two sides of a spherical triangle, determine when its 
area is a maximum. 

[Let AB and AC \)Q given. Suppose AB fixed, then B' is fixed, and in 
the triangle ab'c we have ah' and ac given; therefore the angle ah'eUsi 
maximum when acb' is a right angle, that is, when 

ab'c + cab' = 90** ; 
or when A = B + C. 

Again, since ab' = cot ^e and ae = tan i b, 

the cases presented when b ■{■ e< = >ir follow, as in Art. 113.] 

10. Any system of coaxal, or copolar circles, on the sphere, projects 
stereographically into a system of coaxal circles. 

[For either system has a system of orthogonal circles.] 

11* Four circles on a sphere touch a fifth circle; prove that their common 
tangents are connected by the relation 

sin i ^23 sin J ^14 + sin } ^si sin J ^24 + sin J tu sin ^^34 = 0. 

[The four circles project into four circles, touched by a fifth in the plane 
of projection, and therefore the common tangents of the projected circles 
are connected by the relation 
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But since the angle (a) of intersection of any two curves is unaltered by the 
projection, we have 



— ^ ss sin' J o = I r-^ I ; therefore, &c.] 
ntanra ^ \^r\r%l •* 



sin'l^ia 
tan 



The above Examples might be multiplied to almost any 
extent. They are, however, sufficient in number and 
variety to illustrate the working and power of the method 
of Stereographio Projection. 
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CHAPTEE XIV. 



SPHERICAL RECIPEOCATION. 



187. Polar Reciprocal Figures. Definitions. — 

Being given any spherioal curve JP, and a fixed small oirole, 
we can generate another curve F by taking the poles of 
the tangents to F with respect to the circle. Thus F is 
the locus of the poles of the tangents to F^ and is, for this 
reason, termed the Polar Curve oiF. Since to every point 
of F" there will correspond a tangent great circle to jP, it 
is clear (Art. 152) that th£ great circle joining any two points 
of the former will be the polar of the intersection of the corrC" 
sponding tangents to the latter. Now, let us suppose that 
the tangents to i^are infinitely near ; then, the correspond- 
ing points on F' will be infinitely near, and the great circle 
joining them will be a tangent to F. But the intersection 
of the consecutive tangents to -Pis a point on the curve ; 
therefore — 

If a tangent to F at a point A correspond to a point A on 
F ; then the tangent to F at A! will correspond to the point 
AonF. 

Honce the relation between the curves is reciprocal, and 
they are therefore said to be Polar ReciprocalSj each of the 
other, with respect to the given circle. The spherical centre 
of the circle, its angular radius, and the circle itself, are 
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termed respectively the Centre^ Radius^ and Circle of Red-- 
procation. 

Polar reciprocal figures possess the following evident 
properties : — 

(1) To every point related to one corresponds a great 
circle related to the other. 

(2) If any number of points of one lie on a given great 
circle, the corresponding great circles of the other pass 
through a point, viz. the pole of the given great circle, and 
vice versa. More generally, if any point connected with F 
describes a curve /, the corresponding great circle of F 
envelopes a curve f the polar reciprocal of /, and vice 
rersa. 

(3) If two curves have a common point, their polar reci- 
procals have a common tangent, viz. the polar of the point. 

Thus, the intersections of a pair of curves correspond to 
the common tangents of their polar reciprocals ; and the 
intersections of the common tangents of one pair corre- 
spond to chords of intersection of the other pair. 

(4) Hence, if two curves touch, their polar reciprocals 
also touch. 

[For the first pair have a point common, and also the 
tangent at that point common ; therefore the second pair 
have a tangent common, and also the point of contact 
common]. 

(6). The number of points in which one is intersected 
by any great circle is equal to the number of tangents 
which can be drawn from any point to the other. 

(6) Any point and its polar, with respect to one, will 
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correspond to a great circle, and its pole, with respect ta 
the other. 

(7) The anharmonic ratio of any spherical row con- 
nected with one figure is equal to the anharmonic ratio* 
of the corresponding pencil connected with the other. 

(8) The polar reciprocal of a polygon, inscribed to a 
small circle copolar with the circle of reciprocation, is a 
polygon escribed to a small circle also copolar with the 
circle of reciprocation ; the points of contact with the circle 
in the latter corresponding to the vertices of the polygon 
in the former. 

188. Buallty of Cfraphical Relations or Theorems- 
of Position. — From the above properties of polar reci- 
porcal curves it will appear that every theorem of position 
(«. e, one referring only to the relative positions of points- 
and great circles, and not involving magnitudes of angles 
or angular distances) is twofold, and from it we can derive^ 
another by interchanging the words " points " and " great 
circles." This principle is illustrated by the following 
examples : — 



1. The points of intersection of 
the opposite sides of a hexagon in a 
small circle lie on a great circle. 

2. If two of the vertices of a tri- 
angle move on fixed great circles, 
-while the sides pass through three 
fixed concyclic points, the locus of 
the third "vertex is a great circle. 



1. The great circles joining the 
opposite vertices of a hexagon es- 
cribed to a circle pass through a point. 

2. If two sides of a triangle pass 
through fixed points, while its ver- 
tices move on three fixed concurrent 
great circles, the envelope of the third 
side is a point. 



189. Metrleal Relations. — In order to transform 
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theorems involving metrical properties («. e. magnitudes of 
angles and distances) it is necessary to connect — 

(1) The distance from the origin of any point of one 
figure with that of the corresponding great circle of the 
other. 

(2) The angles of one figure with the parts of the other. 

The first of these relations is obtained from the funda- 
mental equation (fig. 57) — 

tanPO tanP(y = tanV 

In plane geometry the second relation is obtained at 
once, since the angle between any two lines is equal to, or 
is the supplement of, the angle which the line joining their 
poles subtends at the centre of reciprocation. On the 
sphere, however, the rkiethod becomes defective, since the 
angle between any two great circles of one figure has no 
direct representative on the reciprocal figure. However, 
as yet we have in no way limited the circle of reciproca- 
tion, and we may therefore anticipate that by restricting 
it to obey certain chosen conditions, we may be able to 
remove the foregoing defect, and render the method of 
reciprocal polars applicable to metrical as well as to gra- 
phical theorems. 

That this is so will be seen from the following Ar- 
ticle : — 

190. Case when tan^a = - 1. Kupplementary 

Figures. — Since the polar reciprocal of a great circle is a 
point, it is possible by a proper choice of the circle of reci- 
procation to reciprocate a great circle into its spherical 
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oentre. Thus, if the ladins of reoiprooation (a) be gLven 
by the equation tan'a = - 1 ; then (fig. 57), for any point 
and its polar, we have 

tanPOtanPO' = -l. 

Hence 0(/ = 90^ 

Therefore any great circle reciprocates into its sphericaf 
centre when the radim of reciprocation is imaginary ^ and given 

by the eqtmtion tan a = y^- 1. 

Thus, the spherical centre of any great circle is its pole 
with respect to an imaginary small circle, the tangent of 

whose radius is \/--T, and the spherical centre of which 
may have any position on the sphere. 

The circle of reciprocation being so chosen, the follow- 
ing evident properties enable us to deal with metrical theo- 
rems : — 

(1) The angular distance of any point of a curve from the 
origin is the complement of the angular distance frmn it of the 
corre^onding great circle of the reciprocal curve, the distances 
being measured in opposite directions from the origin. 

(2) The angle between two great circles is equal to, or the 
supplement of the angular distance between their poks. 

191. It is now clear that, with respect to such a small 
circle, the polar reciprocal of any figure or theorem co- 
incides with what we have heretofore called the supple- 
mental figure, or theorem ; the latter name having been 
applied because the arcs and angles of one figure are the 
supplements of the angles and arcs of the other. We 
may therefore write down the following corollaries : — 
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Cor. 1. — The reciprocal of a small circle is a oopolar 
small circle of complementary angular radius. 

Cor. 2. — The reciprocal of any triangle or polygon is 
its supplementary triangle or polygon, the angles of one 
polygon Joeing the supplements of the sides of the other. 

Cor, 3. — Hence, if a polygon be inscribed (or escribed) 
to a small circle, its polar polygon will be escribed (or 
inscribed) to a small circle of complementary radius. 

Cor. 4. — The spherical excess of any polygon (or curve), 
added to the perimeter of its polar polygon (or curve), is 
constant, and equal to 27r. 

[The excess of the polygon (Art. Ill) is S-4 - (n-2) ir, 
and the perimeter of its polar polygon is wtt - 2-4 ; there- 
fore, &c.] 

192. We shall conclude this Chapter with a list of 
reciprocal properties and theorems, the reciprocation being 
with respect to the imaginary circle of Art. 190, in which 
•oase, as has been already remarked, the reciprocal figure 
coincides with what we have heretofore known as the 
Supplemental Figure. We group, by way of illustration of 
the method, in pairs, as reciprocal theorems, some of the 
Exercises which have already appeared in the preceding 
pages as apparently independent of each other. 

Let the primitive figure, Fy consibt of a triangle, with 
its associated points, arcs, and circles ; then the polar 
figure will consist of a triangle with its associated arcs, 
points, and circles ; and the relative positions of the great 
circles of either figure, and of their poles in the other, are 
fhown in the subjoined list : — 
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Primitivb Figukb. 

1. A great circle passing through 
the vertex. 

2. The segments of the vertical 

angle. 

8. Two great circles, at a given 
angle, passing through the vertex. 

4. Internal and external hisectors 
of the vertical angle. 



5. Perpendiculars. 

6. Orthocentre. 

7. Medians. 



Reciprocal Fiqurb. 

1. A point on the hase. 

2. The segments of the base. 

3. Two points on the base inter- 
cepting on it an equal angle. 

4. Mid-point of base and a point 
on it 90® from mid-point, i.e, in- 
ternal and external bisectors of the 
base. 

5. Points on the sides 90® distant 
from the opposite vertices. 

6. Axis of perspective of the tri- 
angle and its polar triangle. 

7. Intersections of the bisectors of 
the angles with the opposite sides. 



8. Three or more concurrent arcs. 8. Three or more concyclic points. 



9. Points equidistant from the 
sides ; i.e. the in-centre and three 
«x-centres. 

10. The arcs joining the vertices 
to the in-centre. 



11. The arcs joining the vertices 
to the ex-centres. 



12. The angles made by the me- 
dians with the sides. 

13. A variable great circle cutting 
the base at a fixed angle. 

14. Perpendiculars at the middle 
points of the sides. 

15. The angles made by any 
transversal with the sides. 

16. The angles between the bi- 
«ectors of the angles, internal and 
external, at their point of con- 
currence. 



9. Great circles equidistant from 
the vertices. 



10. The angles made with the 
sides by the axis of perspective of 
the polar triangle and its mid-point 
side triangle. 

11. The angles made with the 
sides by the arcs joining th^r 
middle points. ' 

12. The lengths of the bisectors 
of the angles. 

13. A point describing a small 
circle round the vertex as pole. 

14. Points on the bisectors of the 
angles 90® from the corresponding 
vertices. 

15. The angular distances of the 
pole of the circle from the vertices. 

16. The arcs joining the middle 
points of the sides of a triangle and 
its colunars. 
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193. From the preceding relations the following are 
manifest : — 

1. Since the bisectors of the angles pass in triads through four points, the 
mtemal and external bisectors of the sides lie three and three on four great 
eireles. [Cf. Arts. 122, 20.] 

2. Since the four points in Ex. 1 are the poles of the in- and ex-circles, 
the ares joining the middle points of the sides are each equidistant from the 
vertices, 

3. Since the six bisectors of the sides (internal and external) pass in 
triads through four points, the intersections of the bisectors of the angles with 
the opposite sides lie three and three on four great circles, 

4. Since the perpendiculars at the middle points of the sides pass in 
triads through the poles of the circumcircles of a triangle and its three co- 
lunars, the bisectors of the angles meet the corresponding sides of the polar 
triangle in six points, whieh lie in triads on four great circles. 

6. From the theorem of Art. 40 may be deduced the yalue of the angle 9 
made m^ith the base by any great circle passing through the vertex, in terms 
of the base angles and the segments, a and /3, of the vertical angle C; thus,. 

{ioa A fsm a — COB B an fi •= ± co^ $ sin C. 

[Cf. Art. 35, Ex. 6.] 

6. From the values obtained in Art. 42, for the internal and external 
bisectors of the base, we find expressions for the angles made with the base- 
by ihe internal and external bisectors of the vertical angle. See Art. 35, 
Exs. 9 and 10. 

7. It follows from the preceding Article that the result in Art. 35,. 
Ex. 6, gives at once Art. 42, Ex. 5 ; and conversely. 

8. From the expressions for the bisectors of the vertical angle will follow 
the values of the angles made by the bisectors of the base with the base. 

[Cf. Art. 39, Ex. 1, and Art. 39, Ex. 11.] 

9. Since the perpendiculars of a triangle are concurrent, three points on 
the sides, 90^ distant from the opposite vertices, are eonegclic. And conversely, 
if two points, X and F, be taken on the sides a and ^ of a triangle, 90* 
distant from the opposite vertices, the great circle ZFwill meet the bas» 
in a point 90° from the third vertex. Now, since a triangle ABC and th» 
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three connectors, AX, BY, CZ, form a complete quadrilateral, of which the 
connectors are the diagonals, we obtain a theorem already proTod in 
Art. 145, Ex. 2, and Art. 125, Cor. 

If any two of the diagonals of a comphte quadrilateral are quadrants, the 
third diagonal is also a quadrant. 

10. The relation connecting the three pairs of opposite connectors of any 
complete quadrilateral with the angles contained by each pair involves 
reciprocally one connecting the three pairs of opposite angles with the 
diagonals. 

[Cf. Exam, Papers, V., Ex. 1, and IX., Ex. 1.] 

11. If (> denote the in-centre of a triangle, 

£0C-\- C0A + A0B = 2w. 

■ Hence— 7^ at-es Joining the middle points of the sides of the three eolunar 
triangles are together equal to two right angles. 

(Ai-t. 121, Ex, 9.) 

12. Having given the base of a triangle = 90°, and the sum of the squares 
of the cotangents of the base angles, find the locus of the vertex. 

[The reciprocal problem is ** to find the envelope of the base of a right- 
angled triangle when cot' a + cot- i is given." See Art. 56, Ex. 6{b); 
therefore, &c.] 

13. *^ Having given the base e and ^ cot ^ + m cot B, find the locus of the 
vertex" (Chap. III., Misc. Ex.42) involves the reciprocal problem; ** having 
given the vertical angle C and I cot a + m cot b, find the envelope of the 
base." (Art. 39, Ex. 10.) 

14. Having given the vertical angle C and / cos ^ + m cos B, find the 
envelope of the bi^se. [Art. 42, Ex. (1).] 

16. When the vertical angle of a triangle and perimeter are given, the 
base touches the ex-circle which, by the given conditions, is fixed in posi- 
tion ; hence when the base and area are given, the locus of the vertex is a 
small circle. (See Art. 101.) 

16. If a quadrilateral be circumscribed to a small circle, the product of 
the cosines of the halves of the internal angles of intersection of opposite 
sides is equal to the sum of the products of the cosines of the halves of the 
opposite angles of the quadrilateral. (See Art. 25, Ex. 6.) 

PART II. N 
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CHAPTEE XV. 



MISCELLANEOUS PEOPOSITIONS. 

Pbop. 1. — To find a relation conmectini^ the common tani 
Stents of four elrcles which touch a fifth. 




Let Pi, P2, Pa, P4 (fig. 72) be the poles of the four circles, n, t^, fa, r*, 
their angular radii, Pthe pole, and E the angular radius of the circle 
touching them at the points A, B^ C, L. Then (Art. 33) the triangle 
P1PP2 gives us, if P1P2 = 812, 



o,-«2 1 T> co8(ri-r2)--cos5i2 
sin * x^ 5= — ^— — — — . » 

^ 2 sin (ig-n) sin (i?-r2) 



Therefore 



sin J AB = sin iZ ^; 



cos {r\ — Vi) - cos 812 



2 sin (i? — n) sin {R — rz) 

But if t\2 denote the common tangent to the circles Pi andPs, we have, from 
the triangle P1OP2, 



. , . . 1 ,^ /cos(ri-r2)-cc 
* ^ 2cosr) cos* 



— r2)- cos 812 

9 
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Hence 



Bin } AB s sin i ^12 sin jSL/— 

Xsu 



cos ri cos ra 



sin (jR - n) sin (i? - ra) 
Now, since the quadrilateral ABCD is cyclic, we have 

sin Ji?Csin J^2> + sini C4 sin J5Z> + sin J^^ sin J (72) = 0. 

Therefore, by substitution, we find 

sin J (23 sin J tu + sin J ^ji sin J ^24 + sin J ^12 sin } ^34 = 0. 

(See Art. 174, Cor. 1.) 

Prop. 2. — If en, (r2, 0-3 denote the symmedlans of a triang^le 
from the anj^les A^ B, C, respectiirely^ to proTe that 



. /sin^ b + sin* (? + 2 sin ft sin c cos A 

tana'i=V —-—, — r— r > 

cot 6 sin + cot c sm 

with similar expre§Mions for 0*2 and 0*3. 

For let X and z be the segments of the angle A^ made by the median 3- 
Then we have 

cot ft sin a; 4 cot <; sin ^ = cot/3 sin^ ; (Art. 65, Cor, 2.) 

aUo cote sin:r + cot ft sin^ = cotcr sin J[, 

and sin c sin ^ - sin ft sin ^ = 0. 

Eliminating x and z from these three equations, and substituting for sin fi 
in the result the value given in Exam. Paper VII., Ex. 4, the above ex- 
pression is obtained, since 2 cos )3 cos \a = cos ft + cos e. 

Prop. 3. — Ilavini^ ff^^^n the three perpendieniarsj a, jS, 7, 
of a trianfple % construct it. 

From the equations sin er sin a = sin ft sin j3 = sine sin 7 ^s 2» (1), 
we have 

v« , /8in« + sinft + sinc\* 
(cosec a + cosec jS + cosec y)* - 1 = I J "" * 

[sin 8 + sin («-«) + sin (« - ft) + sin (» - «)"]' 
r« J- 

[Art. 86 (1).] 
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Similarly, 

/ « ,- , /sin * + sin c - sin a\ ' , 
(cosec ^ + cosec y - cosec o)* - 1 = ( j ~ ^ 

= rri°* + 'in(«-«)-rin(,-^)-sm(,-.n ^ . ^^rt. 86 (2).] 

with similar expressions for cosec y + cosec a - cosec )8, &c. 

Now let the left members of these four equations be denoted by 
«, Kit K2f fC3 ; and, by addition, 

2 sin « = f» («c + «ci + IC2 + 1C3) ; 
also 2 sin (« — a) = « (ic + Ki — IC2 - 1C3), 

and 2 sin (« — i) = n (k — ici + «C2 - K3), 

2 sin (« - <?) = « (*e — ici — «C2 + K3) ; 

therefore, by multiplication and reduction, 



and is therefore known. Hence we may find the sides ftom (1). 

Prop. 4.^IIaTiiig^ g^iiren the four sides of a qoBdrilateral 
Inscribed in a circle ; to determine tlie diagponals and 
ang^les. 

Let a, fi, 7, S, 8 be the sides and area of the chordal quadrilateral ; then 

A A 

2/5 = (aiS + 78) sin 0)3 B (fiy + a9) sm $y. 

Hence 

. A 

-^ = r- = ratio of diagonals. 

^ sinjSy 

Therefore if a, by e, d denote the sides ; 8, $' the diagonals of the spherical 
quadrilateral, we have 

sin^^sin^g + sin ^gsin^rfsin^g 
sin J a sin J d + sin J <? sin J rf "~ sin J 5' ^ 

also sin^a Bini0 + 8in^3 sin Jef =:sin|8 cdn j^8', (2) 
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two equations which give at once 

sin^ i 8*, and sin^ J B\ 

Otherwise thus : — ^Applying the formula of Art. 117 to the triangles on 
the base 8, it follows that 

sin^^g-sinH^-sin^g sin^ j^ 8 - sin^ ^ g - sin^ rf 

sin } d sin J sin } <z sin ^ «? ~ ' 

therefore, &c. 

Again, 

. , , A sin* J 5 - sin' J (fl - A) 

sm a sin 6 

Substituting in this equation the value of sin» J 8, already obtained, and 
reducing, we find 



. 2 , '> _ cos :^ (a - A + c - <f ) cos J (a - d - c — <?) sin J (» - «) sin J (» - b) 

cos ^ a cos ^ b (sin ^ a sin ^ 6 + sin ^ « sin ^ ^) 

Similarly, 



. J, A _ ooai{a — b + C'-d)coBl{a'-b-c-d)8mi{8-c) sin J(a-<?) 

cos ^ c cos } <f (sin ^ a sin ^ ^ + sin ^ sin ^ <^) 

and since (Art. 33) 

,, \ 8uiU(«+i)-sin2j8 

cos* J «* = ^ h—: ^, 

sin a sm b 

we get, by substituting for sin* } 8, in terms of the sides, and reducing, 



, . A, cos J (a + i + (? + <Q cos J (« + i — c + <f) sin J (« - c) sin J (« — rf) 

cos ^ a cos ^ & (sin ^asin^d + sin^csin^^ 

and 

, , A cos J (a + * + c + rf) cos J (a + * - (J + </) sin i (« - fl) sin J (5 - A) 

co&^e coaid (sin J<i8in(d + sin^<;sinJ<^) 

(6) 

* A cyclic spherical quadrilateral can thus be constructed when the four 
sides are known. 
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From (3) and (5) we get 

2 J A _ cos J (a - 3 + <? — rf) cos J (a - i - c - rf) sin J (« - «) sin J (» - J) 
cos J (a 4 i + c + <0 cos J (« + 6 — (? + (Q sin J (» — (?) sin J (» — rf) 

Prop. 5. — To And the area of a spherical quadrilateral 
inseribed in a circle^ in terms of the sides. 

From Art. HI, Cor. 2, it follows, that if E denote the excess of the quad- 
rilateral, 

sin J ^= — cos J {ab + ed), 
expanding the right memher of this equation, and substituting the values 

obtained for sin J ab, &c., in the previous Proposition ; on reduction we 
find 



«•« 1 V h^i (* - a) sin ^ (* - b) sin f (« - c) sin i [s - d) 
Ir cos ^ a cos J d cos ^ecosid 

By a Himilar method we obtain 



,_/cosJ(«+^ 



. „_. — 4^J+^+c+rf)cosJ(a+^-c+rf)cosi(a-d+<j-rf)c08 J(a-*-<^-rfy 
y cos J a cos J A cos J c cos J d 

(2) 
Hence, dividing (1) by (2), 



\ cos J (a+b + e + ~d) (....)(•..)(••••) 



Prop. 6. — To find the diag^onal of a parallelepiped in terms 
of its ed^es^ and their mutual inclinations. 

Let OA = Xf OB = y, OC == z, and let the inclinations be BOC= a, CO A 
= iS, AOB = 7. Then the triangle OED gives 

Oi>2 = OE^ + z^-\-1z,0E cos COE 

= a;* 4 y2 + 2? + 2xy cos 7 + 22 Oi? cos COM. 
Now, it is clear that OE cos (70^ Is tbe projection of OE on the line OC^ 
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and therefore it must be equal to the sum of the projections of OB and BE 
on the same line, or of OB and OA, that is 



Hence 



OE cos COE = y cos o + a: cos j8. 

ODfi = «* + y* + ^2 + 2y« cos a + 2:xco8fi-\- 2xy cos y. 

C 




Fig. 73. 

The same result may be arriyed at by describing a sphere round as centre, 
meeting the lines OA, OB, OC, OE in a, b, e, e, respectiyely, and by deter- 
mining the angle COE, that is, the arc ce, by aid of Art. 40, and by noticing 
that OE flin AOE = y sin 7, and OE sin BOE = 2; sin 7. 

Prop. 7. — 'Folame of Parallelepiped. — The volume of the parallel- 
epiped (fig. 73) is equal to the area of the face OAEB multiplied by the 
perpendicular distance of C from it, that is 

volume = \xy 9mab x z einp, 

where p is the perpendicular arc from e on ab ; therefore 
volume s= i xyz (n of triangle abe) 

= xyz (1 - cos'o - cos* )8 - co^y + 2 cos a cos iS cos 7) . 

Fhof. 8. — If 8 denote the number of solid ani^les of any 
polyhedron^ J* the number of Its faces^ and E the number of 
Its ed|^es^ to show that 

S+F^E-^- 2. 

Let all the edges of the polyhedron be projected on a sphere of unit radius, 
whose centre lies within the polyhedron. Each face will thus project into 
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a spherical polygon [Art. 177 (7)]. Now, if < denote the sum of the angles 
of one of the polygons, and n the number of its sides, its area is equal to 
.9 - (ft - 2) IT ; therefore, since the sphere is divided into F polygons, its 
area, or 4ir = Sa — irSn + 2irF; but 2« = 2irS, and %n = 2E, since every arc 
on the sphere is a common side of two polygons. 
Substituting these values, we have 

47r=2ir5'-2ir£:4 2iri^; 
or 

S-{ F=E-^2, 

Phof. 9. — If a spherteal diameter HC of a snail circle be 
drawn throof^li the vertex C of an Inscribed trlang^le to 
meet the base In P; proTe the relation 

tan J AEFtan J BHF = T !^ ' !| , 
where I = SF, 

Applying Kapier's Analogies, Art. 56 (1), to the triangle AMP, and 
Art. 56 (2) to the triangle BHPf and multiplying the results together, the 
above equation is obtained. 

Cor. — If (7 is a right angle, cob* S = - — rr; — -:. 

sin (i2 + 5) 

[Apply Art. 44 (5) to the triangles ECX and SCT{^g. 32)]. 

Hence — Jfa variable righUanghcl triangle, with fixed vertex, be inscribed 
in a small eireU, its base passes throtigh a fixed point ; and reciprocally, if 
the base of a variable triangle, whose inscribed circle is given fixed in position, 
be equal to a quadrant, the locus of the vertex is a great circle. 
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Badical Axis, 156. 
Radical Centre, 157. 
Reciprocation, 187. 
Roy's Rule, 109. 
Russell, Mr. Robert, Exam. Paper 

X., 1. 

Salmon, Rev. Dr., 30, 88. " 



Similitude, axis of, 165. 

centre of, 162. 
Solution of oblique triangles, 57. 
Solution of right-angled triangles, 

46. 
Spherical, arc, curve, polygon, &c., 
J4, 15. 

excess, 29, 100. 
Supplementary figures, 190. 
Symmedian, 31, Chap, xv., 2. 

Theorem, Feuerbach's, 186. 

Legendre's, 29, 43, Exam. 

Paper viii., 2, 3. 
Pascal's, 150. 
Ptolemy's, 25, 174. 
Salmon's 151. 
pV Supplemental, 34, 35, 36. 
Todhunter, Plane Trigonometry, 18, 

43, 45. 
Townsend, Professor, 41, 42, Exam. 

Paper ix., 7, 
Traill, Dr. Anthony, Exam. Paper 

XI. 

Triangle, chordal, 19, 117-121. 
colunar, 16. 

maximum, area of, 113. 
polar, 20. 
primitive, 16. 
quadrantal, 25. 
right-angled, 27, 44. 
self -conjugate, 152. 
supplemental, 22. 
symmetrically equal, 19. 
triquadrantal, 126. 

Volume of a parallelepiped, Chap. 

XV., 8. 
Volume of a segment of a sphere, 99. 
Volume of a sphere, 98. 



THE END. 
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